SOLITON RESOLUTION FOR THE ENERGY-CRITICAL NONLINEAR
HEAT EQUATION IN THE RADIAL CASE

SHREY ARYAN

ABSTRACT. We establish the Soliton Resolution Conjecture for the radial critical non-linear
heat equation in dimension D > 3. Thus, every finite energy solution resolves, continuously in
time, into a finite superposition of asymptotically decoupled copies of the ground state and free
radiation.

1. INTRODUCTION
1.1. Setting of the Problem. We study the energy-critical semi-linear heat flow on R,
Oru = Au + \u|ﬁu
u(0, ) = up(z), (1.1)

where D > 3, u = u(t,r) € R, where r = |z| € (0,00) is the radial coordinate in RP A :=
0% 4+ (D —1)r=10, is the radial Laplacian in RP. We restrict ourselves to smooth solutions that
remain uniformly bounded in the energy space &, i.e.

|m@ﬁ=éw[@ww»2+“ﬁPTrD4dr<+m.

By |[BC96], given finite energy data we let T > 0 denote the maximal forward time of existence.
Define the nonlinear conserved energy functional associated with (|1.1])

“1 2 D-1 D=2
Eu::/ —(Oyu(r)) r dr —
W= [ 50ur) 55

along with the energy density

\u(r)\%rD_l dr

D2 5%, (1.2)

1
e(u(r).7) = 5 (Oru)? -
Solutions to (|1.1)) are invariant under the scaling
u(t,r) = ux(t,r) := AT (t/)\2,r/)\) . A>0

and (|1.1)) is called energy-critical since E(u) = F (uy). Testing (1.1) by d;u and integrating by
parts we observe the formal energy identity

T
E(u(T)) +/O 1T (u())IZ dt = E(u(0))

for each T' > 0, where T (u) := 0%u + Dr_l&nu + |u|ﬁu. We define the Aubin-Talenti elliptic
solution, W : RP — R, by

W“”:O+D£ﬁm>2'
1
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and recall that by Caffarelli-Gidas-Spruck [CGS89], all entire positive solutions to the stationary
equation

CAW(z) = |W(2)|P2W (z), e RP

are given by Aubin-Talenti bubbles up to sign, scaling, and translation. Since the elliptic
solutions W are radially symmetric, we will often denote them W (z) = W (r) with r = |z|. For
-2

D
each A > 0, we write Wy(r) := A" "2 W(r/\).
1.2. Statement of the Main result.

Theorem 1.1 (Soliton Resolution). Let D > 3 and let u(t) be a finite energy solution to (|1.1)
with initial data w(0) = up € &, defined on its maximal forward interval of existence [0,T).
Suppose that,

lim sup [Ju(t)|ls < co.
t—Ty

Then either

i) Ty = oo, there exist a time Ty > 0, an integer N > 0, continuous functions A\ (t), ..., An(t) €
C ([Ty, 0)), signs t1,...,ty € {—1,1}, and g(t) € & defined by

N
u(t) =>4 Wa, @ +9(t),
j=1

such that

()
lg(®)lle + J — 0 ast— oo,
; Aj+1(t)
where above we use the convention that Ay 1(t) = V/t;
(ii) T4 < oo, there exists a time Ty < Ty, a function u* € &£, an integer N > 1, continu-
ous functions \1(t),..., An(t) € CO([Ty, Ty)), signs t1,...,in € {—1,1}, and g(t) € € defined
by

N
u(t) =Y Wi, + u + g(t),
j=1

such that N
i (1)
e + J —0ast— Ty,
loole + 3545 .
where above we use the convention that An41(t) = VT4 —t.

Remark 1.2. In the parabolic setting, similar results have been established for the harmonic
map heat flow by Jendrej, Lawrie and Schlag in [JL23al JLS23] following the bubbling theory
for harmonic maps pioneered by Struwe [Str85] which was further developed in [Top97, Top04),
Str85,QT97,Qin95|. For the nonlinear heat equation, such a result has been conjectured to be
true and, during the preparation of this paper, was also raised as an open question by Kim and
Merle in [KM24].

Remark 1.3. The Soliton Resolution Conjecture states that the evolution of generic solutions
to nonlinear dispersive equations decouple as a sum of modulated traveling waves (or Solitons)
and a free radiation term. The conjecture arose in the 1970s following the numerical simulations
of Fermi-Pasta—Ulam [FPUb5|, Zabusky-Kruskal |[ZK65|. Following the breakthrough work
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of Kenig and Merle [KMO06], the Soliton Resolution Conjecture has been established for some
classes of dispersive PDEs. In particular, for the wave equation the Soliton resolution conjecture
has been proved in radial case for either odd space dimensions or D = 4,6 in [DKM12,DKM13|
DKM23, DKMM22,|CDKM22| using the method of energy channels. On the other hand, using
virial inequalities, Jia and Kenig in [JK17] proved the sequential soliton resolution in dimension
D = 6. Recently, Jendrej and Lawrie in [JL23b] established the Soliton Resolution Conjecture
for the radial energy critical nonlinear wave equation in all space dimensions D > 4 using a novel
argument based on the analysis of collision intervals. They also established the same result for
the equivariant energy critical wave maps equation in [JL22|. Finally, the Soliton Resolution
Conjecture has also been established for the equivariant self-dual Chern—Simons—Schrédinger
equation in [KKO23].

Remark 1.4. The nonlinear heat equation with power nonlinearity

Ou — Au = [ulP~tu  in R™ x (0,7)
u(i,0) = ()

has been the subject of intensive study beginning with the seminal works of Giga and Kohn
[GK87,GMS04]. For a detailed introduction see the excellent monograph of Quittner and Souplet
[QS19]. Since our main theorem deals with the asymptotic behavior near the blow-up time, we
briefly review some results in that direction. When the nonlinearity is energy subcritical, i.e.
l<p<+4oowhenn=1,2and 1 <p< Z—fg when n > 3 then [GK87,/GMS04] showed that any
blow-up solution is of Type I, i.e. there exists a constant C' > 0 such that

1
[ ul| oo (rry < C(T — ) 1.

Otherwise, the blow-up is of Type II. In the energy critical setting, i.e. p = Z—fg, Filippas,

Herrero and Veldzquez [FHVO00|, established that the solution exhibits Type I blow-up if the
initial data is positive and radially decreasing and the dimension D > 3. Next, assuming that the
initial datum is close to the ground state, Collot, Merle and Raphael in [CMR17] established
a Trichotomy in dimension D > 7; the solution either dissipates to zero, or approaches to a
rescaled Aubin—Talenti solution, or blows up in finite time and the blow-up is of Type 1. Thus,
if the initial data is close to a ground state in dimension D > 7, the solution does not exhibit
Type II blow-up. Recently Wang and Wei in [WW21] established that for positive initial datum
in L*°(R™) and D > 7, any blow-up solution is of Type I. In contrast to the previous results,
Theorem is concerned with finite energy solutions that either exist globally in time or exhibit
Type II blow-up. Examples of such solutions exhibiting non-trivial bubble tree decompositions
have been recently constructed for the critical nonlinearity in dimensions D > 7 by del Pino,
Musso, and Wei in [dPMW21]. Furthermore, the recent work of Kim and Merle [KM24] shows
that under the assumption of radial symmetry, the above bubble tree constructions are the only
possible examples in dimensions D > 7.

1.3. Summary of the Proof. Our proof is inspired by the recent breakthrough works of
Jendrej-Lawrie, in particular, |[JL23a] where they established an analogous version of Theo-
rem for the harmonic map heat flow in the equivariant setting. Before, going into more
details we first make a few definitions.

Definition 1.5 (Multi-bubble configuration). Given M € {0,1,...},7= (t1,...,ta7) € {—1,1}M
and an increasing sequence A = (Aq,..., Ayr) € (0, oo)M , a multi-bubble configuration is defined
by the formula

M
W@ A7) = Z tiW, (r).
j=1
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When M = 0, W(Z,X;r) := 0.
With this definition, we define a localized distance function to multi-bubble configurations by

1
D—2 2

sutw) = it = WG e +Z<AH) (13)

17Ny

where the infimum is taken over all M € {0,1,2,...}, all vectors ¢ € {—1, 1}M,X € (0,00)M
and we use the convention that the last scale A\yr41 = R.

The first step in the Jendrej—Lawrie framework is to establish a localized sequential compactness
lemma, which essentially states that a sequence of maps with vanishing tension converge (locally
in space) to a multi-bubble configuration. Thus, given a sequence of maps u, with bounded
energy, a sequence p, € (0,00) of scales, and tension 7 vanishing in L? relative to the scale
P, 1€ limp o0 prl|T (up)||r2 = 0, there exists a subsequence of the w, that converges to a
multi-bubble configuration up to large scales relative to py,, i.e., lim, o R, p, (un) = 0 for some
sequence R, — oo. Fortunately, sequential compactness for the nonlinear critical heat equation
has been established recently in [Law23].

Lemma 1.6 (Localized sequential bubbling). Let u(t) be the solution to (L.1|) with smooth initial
data u(0) = ug € €, defined on its mazimal interval of existence [0,T4). Suppose that

lim sup [Ju(t)le < oo.
t—>T+

Then either
(i) Ty = oo, there exist a sequence of times t, — oo, and a sequence R, — oo such that,

Jim o (u(tn)) = 0.

(ii) If Ty < oo, there exist a sequence of times t, — T+, and a sequence R, — oo such that,

The proof of the above result is a consequence of the following lemma, which we recall below
since it will used in the final section of the proof.

Lemma 1.7 (Compactness Lemma). Let u, € £ be a sequence with limsup,, . ||un|ls < oo.
Let p,, € (0,00) be a sequence and suppose that

i (pu |17 ()] 2) = 0

Then, there exists a sequence R, — oo so that, up to passing to a subsequence of the u,, we
have,

nh_)m ORnp, (Un) = 0.

The subsequence u,, can be chosen so that there are fized (M,7) € NU{0} x {—1,1}M, 4 sequence
A € (0,00)M and Cy > 0 with

M- D2
|l =W (Z’ )Hg (r<Bnpn) Z ( ,J+1> -

and,
A < Copn,  Vn.
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Define d(t) to be the distance to the N-bubble configuration obtained from the compactness
lemma (see Definition [5.1)). Lemma implies that

lim d(¢,) =0

n—oo
Theorem follows from the fact that lim;,~, d(¢) = 0. To prove this we argue by contradic-
tion, i.e. suppose that d(¢) does not converge to zero. Then heuristically this means that d(t)
is large along a certain sequence of times or in other words, u(t) deviates from the N-bubble
configuration. Instead of analyzing this sequence of times, the key insight in [JL22] is to consider
a sequence of time intervals that keeps track of the dynamical history of the N-bubble config-
uration. Thus consider [a,,b,], a sequence of time intervals where near the endpoints a, and
bn, u(t) is close N-bubble configuration while inside [ay, by], u(t) is close to (N — K)-bubbles,
where we choose K to be smallest non-negative integer minimal with respect to the above prop-
erties. Observe that intuitively, K > 1 since otherwise, u(t) will always be close to the N bubble
configuration which would imply that lim;_,~, d(t) = 0. Next, by using modulation theory on
these collision intervals we can derive differential inequalities for scales of the bubbles that come
into collision. Let Ax denote the scale of K-th bubble that loses its shape, i.e. it undergoes
collision on [ay, by]. Then following [JL23a] we can show that for n large enough, there exists
[en,dn] C [an, by] such that d,, — ¢, > n~ Ak (c,)?. Combined with Lemma this implies that
infyepe, d,] Ak (€n)?[| T (w(t)||72 Z 1. Thus using the fact that [ || T (u(t))]|7. < +oo we get that

o \|L2dt>2/ T (@) 2t 2 Y 0 = 4oc,

neN neN

which is a contradiction and therefore lim; ,~, d(¢) = 0.

1.4. Notational Conventions. Given a function ¢(r) and A > 0, we denote by ¢r(r) =
A o(r/N), the H- invariant rescaling, and by qu(r) = )\_%¢(r//\) the L2-invariant rescaling.
We denote by A := 78, + 252 and A := rdr +35 D the infinitesimal generators of these scalings.
Next, we denote the nonhnear energy by E and the energy space by £. We use the notation
E(rl, r9) or £(r1,72) to denote the local energy norm

= 2 " 2 9%\, D1
Blr1,r2) = N9l = [ (00 + %) rP lan
T1
By convention, £(rg) := £(rp, 00) for rg > 0. Similarly, we denote the local nonlinear energy as
E(u;ry,re). The notation A < B means that A < CB and A 2 B means that A > ¢B for some
constants ¢ > 0,C > 0 possibly depending on the number of bubbles N. We write A <« B if

1.5. Acknowledgments. The author would like to thank Andrew Lawrie for suggesting this
problem as well as for his encouragement and many valuable conversations related to this work.
The author would also like to thank Tobias Colding, Jacek Jendrej, Kihyun Kim, Yvan Martel,
and Michael Struwe for their interest and helpful discussions.

2. PRELIMINARIES

2.1. Local Cauchy Theory. We first recall the local well-posedness theory for the heat equa-
tion in the energy space. See for instance Theorem 2.1 in [GR18| or Proposition 2.1 in [CMR17].
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Lemma 2.1 (Local well-posedness). For ug € £ there ezists a mazimal time of existence Ty =
Ty (up) and a unique solution u(t) € € to (1.1) on the time interval t € [0, T4 )with u(0) = ug.
The maximal time is characterized by the following condition: if Ty < oo then

lim [|u(t)|| g = +oo.
Jim f[u(®)lee = +oo

If there is no such Ty < 0o, we say Ty = oo and the flow is globally defined. The energy E(u(t))
is absolutely continuous and non-increasing as a function of t € [0,T] for any T < T4, and for
any t1 <t9 € [0,T4), there holds,

B (u(t)) + /:2 /Ooo Ou(t, )2 P dr dt = B (u (1)

In particular,
T+ oo
/ / (Quu(t,r))?rP L dr &t < sup  [Ju(t)]2 < +oo. (2.1)
0 0 te[0,Ty)

2.2. Multi-Bubble Configuration. Next, we recall some facts about solutions near multi-
bubble configuration. For proofs and further references see [JL23b|. Denote Ly the operator

obtained by linearization of (1.1)) about an M-bubble configuration W(z, X)
Lwg:=D* EW(IA))g = —Ag — f'(W(E X))y,

where f(z) := ]u\ﬁ uand f'(z) = 22 z\ﬁ Given g € &,

(D BOVE RN 1 9) = [ ((@1ar)? - VG D)g(o)? )P e

Denote £y := —A — f' (W), the linearization around a single bubble, W) and set £ := £;. Next,
define the infinitesimal generators of H'-invariant dilations by A and in the L?-invariant case
we write A

D -2 D
AN=r0+—, A:=10+—
2 2
Thus for instance,
2 D
2

_ 7,.2 r _
AW (r) = (% ~5p) (1 m)

Regarding the spectrum of £, [DMO08, Proposition 5.5] showed that there exists a unique negative
simple eigenvalue that we denote by —x? < 0 (where £ > 0). Denote ) as the normalized (in
L?) eigenfunction associated to this eigenvalue. Fix any non-negative function Z € C§°(0,00)
such that the following holds

(Z|AW)>0 and (Z])Y)=0.
We record the following localized coercivity lemma, see [Jenl9, Lemma 3.8].

Lemma 2.2. There exist uniform constants ¢ < 1/2,C > 0 with the following properties. Let
g € E. Then,

(Lg|g)>clgllf —C(Z]g)*—C(V]g)?
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If R > 0 is large enough then,

R %S) 00
—2c -g(r)? rPdr + ¢ rg(r)? rP~ dr — (W (r))g(r)?rP dr
(1=20) [ (@ug(r)? P+ [ “@rg) e tar = [T v gt
>-C(2|9)°-C(Y]|g)?*.
If r > 0 is small enough, then
(1—2¢) /Oo(arg(r))grdr—l—c/ (Org(r rdr—/ W (r)g(r)?rP=Ldr
>-C(2|9)°-C(Y]|g)7°.

Following the argument for instance outlined in the proof of Lemma 3.9 in [Jen19] we have the
following coercivity property of Lyy.

Lemma 2.3. Let M € N. There exist n,co > 0 with the following properties. Consider the
subset of M-bubble configurations W(z, \) for 7€ {—1,1}M, X € (0,00)™ such that,

( A )D;Q <. (2.2)

Let g € € be such that

for X as in [2.2)). Then,

M
(Lwg | g) + Z (D, | 9>2 > collgllz-

Jj=1

Next arguing as in Lemma 2.22 in [JL22] we obtain the following energy expansion around a
multi-bubble configuration.

Lemma 2.4. Let M € N. For any 8 > 0, there exists n > 0 with the following property.
Consider the subset of M-bubble configurations W(t, A)such that

M-1

Then,

( %M 1 D—2 M—-1 D72

() 203 (2

J=1

EOW(Z, X)) — ME(W) +

]:

Moreover, there exists a uniform constant C > 0 such that for any g € €,

(orovtmnc 1) <t ()

To measure how much we deviate from a multi-bubble configuration, we define the following
proximity function.
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Definition 2.5. Fix M as in Definition [I.5] and let v € £. Define,

dy(v) = 1;,1;\f <Hv - N2+ Z ()\ +1> )é

where the infimum is taken over all vectors X = (A, ..., )\M) € (0,00)M and all '= {11,...,tm} €
{—1,1}M,

Using a similar argument as in Lemma 2.17 in [JL22], when the value of the proximity function
is small and the energy is close to the sum of energies of each bubble then we can find signs 7’
and scales A that realize the infimum in the above definition

Lemma 2.6. Let M € N. There exists n,C > 0 with the following properties. Let 8 > 0, and
let v € £ be such that

dy(v) <n, and E(v) < ME(W) + 6.

Then, there exists a unique choice of X = (Ay-. s ) € (0,000, e {11}, and g € &,
such that

v=W(m, X +g, 0=(2Z|g), Vi=1,...,M,

along with the estimates,

M—-1
dy(v) <||g||g+Z(
7=1

D—-2

) < Cdy(v),

Defining the unstable component of g by (scaling ensures that [a; | < |lglle )

_ K
= Lol (2.3)
we additionally have the estimates,
o A B
< J ) —12 | p2
gl + Z ( ) Cr;aeagc </\g+1 + ie{r{}?fM} la; |* + 6%, (2.4)

where S := {36{1,..., —1} Dl = Ljg1])-

Furthermore, similar to Lemma 2.20 in [JL22|, if a function w is close to two different multi-
bubble configurations then the scales of those two configurations are also the same up to a small
constant.

Lemma 2.7. There exists n > 0 sufficiently small with the following property. Let M,L € N,
re{-1,13M g c {-1,1}*, X € (0,00)M, ji € (0,00)*, and w = (w,0) be such that |w|¢ < oo
and,

M-1 A D—-2
lw-wENE+ Y (55) © <n

P RVER

L-1 1] D-2
lo - W@ mlE+> (=) T <n.

puciV A

Then, M = L, = &. Moreover, for every 8 > 0 the number n > 0 above can be chosen small
enough so that

<0

Jj= ,U]
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Finally, since we linearize near a multi-bubble configuration, we will often need to compute
the nonlinear interaction term coming from an M-bubble configuration, W(i,\). Define the

interaction term as
M

REX) = FOVEX) =Y 1 f(Wy). (2.5)

j=1
Then similar to Lemma 2.21 in [JL22| we have

Lemma 2.8. Let M € N. For any 60 > 0, there exists n > 0 with the following property. Let
W(Z, ) be an M-bubble configuration with

M D—2
)\. D=2
> (/\AJ ) )
=0 Jj+1
under the convention that \g = 0, Apr11 = co. Then, we have,
L D -2 D (Aj—1\ P50 D -2 D/ A\
(AW, THEX)) =51 55 (D=5 (5) 7 +un=5-(00-2)% ()

<o((5) () )
- Aj Aj+1
where here f;(7,X) is defined in [2-5).
2.3. Localized Energy Inequalities and Energy Trapping. Since our argument will rely
on energy estimates, we record here some localized energy identities.

Definition 2.9 (Hardy Energy Density). Denote the energy density associated with £-norm as

follows
2

N u =~ R _
&(u) = Ou(r) + 5. By = [ s lar = ul.
Next, we will derive some monotonicity properties of this modified energy density e.

Lemma 2.10. Let I C [0,00) be a time interval, and let ¢ : I x (0,00) — [0,00) be a smooth
function. Let u(t) € € be a solution to (L.1) on I. Then, for any t; <t €I,

/ 8(u(t2)) 6 — / S(u(t1))6? (2.6)

to to to
:—2/ (Opu) gb +2/ / |u|P™ 1 u(Opu) o / / (Oru)(Opu) P0rd
t1 R4
to to
vz [0 s [T s neas
t1 R+ t1 R+

If ¢(t,r) satisfies, Oyp(t,r) <0 for allt € [t1,ts] then,

/ &(u(ta)) — | a(n)e?
/tt [ (et +a /t2 / |&«u12|ar¢|2+2( /: / + |u!2p¢2>1/2 ( /tz / (Opu)? )

1/2

([ L) )

1/2
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and

/ 8(u(ta)) 6 —/ &(u(tr)) 6
/: ] o) ¢2+2(/t2/ |u12p¢2>1/2 </t2/ o >1/2
to 1/2 to 1/2 to ul? 1/2 to 1/2
([ [ wreoer) ([ [ o ﬁ*%//”)(//m&>

Proof. By a standard density argument, it suffices to consider smooth and compactly supported
solutions u. Observe that

/R+ &(u(t2))9” — /IR ) &(u(t))¢? = /tt r(e(u(t))p?)dtrP L dr.

Thus we compute

2L(E(u(1)6?) = 2 (rudidyu) ¢+ A5 1 28 (u(t), r)ois

which implies

| et [ sweys?

—2/t2/ <auatau+“8t“¢>¢ +2/t2/ )01

_ s /: [ (@ - / . / (0r) (Oru) 0y ) +2 / LAY / § / 7)60i
2/: [ (o) ¢2+2/t2/ P V(D) /t/ (0,u)(Bru) ¢&~¢+2/R+ “f§”¢2
w2 sernens

Thus we have proved (2.6). To see (2.7) we use the assumption 0,9 < 0 and the inequality
—4ab < a? + 4b® with a = Qyu¢, b = 0,ud,¢ to get

/ &(u(t:))0? —/ S(u(tr))d”
:_2/: . (Dpu)?p? +2/:/R+|up Yu(Opu)¢? — /tQ/ (Oru)(Opu) O
s o

L Ll L (L)

) r2 ) 2 2 r2 lu V2 2 2 V2
HLLWWW%ALM)(//MM
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where we used j;tf fR+ é(u(t), r)pdp < 0 because d;¢ < 0. To see (2.8) we start with (2.6 and
use Cauchy-Schwarz inequality for double integrals (see equation (1.20) in [Ste04])

/ 8(u(t2))6 — / S(u(t1))6?
—2 [T @2 [C ] o —a [ [ @umomeners [T [ Gt
+2/: /R F) s

o Lo L )
to 1/2 ta 1/2 ta 1/2 to 1/2
([ L) ([ o)L L)

which proves .
Lemma 2.11 (Radial Sobolev Embedding). Let v € C°(Ry). Then for R > 0 we have

V2
W(R)| < ppgllvllereo
Proof. Using the fact that v has compact support, we get

R(D 1/2 2 / 8 D 1)/2 2( ))d

-1
- _ (D-1)/2
/R ( o v2(r) + 200, v> T dr

< 2/ |v]|8,v]r P~ 2dy
R

< 2\// ]v|2dr |0, v[2r(P=Ddy
<2\/RD 3/ —rD 1dr/ |0,v]2r(P—1)q

< WHUHg (R,00)

and therefore

V2
lv(R)| < WHUHE(R,OO)‘
U

The coercivity of the nonlinear energy E plays an important role in the proof of Theorem
since localized energy inequalities will imply smallness of the energy, which we would like to
transfer to £-norm to deduce smallness of £-norm. This would in turn help us proving that
distance function d(t) is small which is ultimately what we are after. Thus we would like to
compare F(u) with |lulg. This is not always possible, however when |lu|¢ is small then we

can prove such an estimate. The following lemma is inspired by the energy trapping argument
in [KMO6].
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Lemma 2.12 (Global Trapping). Let v € £ and let § > 0 such that
lvolle <6
then there exists a constant C' = C(8) > 0 such that
E(v) > C|lvl2.
Proof. By Sobolev and Hardy’s inequality, there exists constant C7,Cy > 0
10-v]lz2 < lvlle < (14 Cl|Orv] 2,

lol|F2- < ColldrolZa < CaflwllZ .

Thus we get
1 1 *
E(v) = / |00 2rP~tdr — */ o> rP~tdr
2 Ja, 2 Jg,
1 o Oy oe gy 1o
> - _ =
> seanyvlE - vl e
1 C2 o9 2
>l =4
> (sa — 22077 Iule
> CsllvllZ,
for some constant Cs > 0 and § > 0 small enough. g

Unfortunately, we do not have smallness of £-norm globally, but either up to some fixed scales
or on tails. The following lemma shows that the previous lemma can be upgraded to deduce
coercivity of the nonlinear energy when we have smallness of £-norm only on the tails.

Lemma 2.13 (Trapping on Tails). Let v € €. There exist § > 0 and constant C > 0 such that
for all R > 0 if

[vlle(R,00) <0
then
E(U; R, OO) 2 C”UH?}(R,OO)
Proof. We first proved this statement for v € C2°(R4). The result then follows from a standard

density /approximation argument. We want to show that there exists a constant C' > 0 such
that

E(v;R,00) > CHUH??(R,oo)
which simplifies to

1 oo 1 o0 . o0
/ ]8Tv|2rD_1dr — */ \v|2 rP=tdr > C’/ |8Tv|2TD_1dr +C
2 Jr 2* Jr R

) U2

—QTD_ldr. (2.9)
R T
Thus,

o) . 00 N ’1)2
/ lv|* rP~Lar §/ v? _QTQ—ZTD_ldr
R R r

X o0 g2
< (0162 2/ —ZerldT,
R T
where € = 22/(P=2) Thus

1 [ 2 D-1 L [ 9 p L[ 2 D-1 Clz*zoOUZDl
A e e Tl e
R R R R T
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Therefore on re-arranging (2.9) we need to prove that

1 [ee] C . 00 ,,2 00 ,,2
< — C’> / 8, v2rP~Ydr — —152 _2/ %TD_ldr >C %TD_ldr.
2 R 2% R T R T

Now we claim that

00 ’1)2 o]
/ —27“D_1d7“ < 03/ 0,0|?rP~Lar,
R T R

where Cj3 is the same constant as in the original Hardy’s inequality and therefore only depends
on the dimension D. We prove this as follows. Let & > 0 then

0< /Roo (; + k&ﬂv)grD*ldr

o) 2
z/ ——l—k‘2|8 U|2+2k‘ opurPar
R

2 o] 2
—/ <v2 + k2|0, v|2) rP=ldr + k/ —87;) rP=tdr
R

2 0 ,,2
<U2 + k2|0, v|2> rP=tdr — (D—Z)k/ — 1P~ dr — v*(R)kRP 2
2 oo
=1-(D-2)k )/ v2 rP=ldr + k2/ |00 2P~ dr — kv?(R)RP2,
r R

Then

oo ,,2

f(k)=(1— (D -2)k) / rPldr 4 k2 /: 0,v0>rP " dr — kv?(R)RP 2

RT2

is polynomial in k£ and attains its minimal value at

po o CUORP 2+ (D=2) ¥ e ldr  WX(®RP D2, D-2,
0 2 [ |0pv]2rP—1dr 2 [ |0pv]2rP—1dr 2 - 2

D
where T = % Therefore
R
v2(R)RP~2
J7 10wv]2rP=1dr
— (D — 2)ko)T + ki — ko(2ko — (D — 2)T)

0<(1—(D—2)ko)T + k2 — ko

IA

0<(
k2<T

IA

and thus

D — 2)? 4
ungT —_ < —
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which yields the desired inequality. Thus

1 o0 1 o0 *
< - C'> / ]87«1)|27“D_1dr — / ]v|2 rP=1dr
2 R 2* Jp
1 e « 2
= —C’)/ 002D Ydr — 0152 _2/ %rD_ldr
2 R R T

Cit v? C o < 2
> (23 -1 rP-1 2% —9 D—1
_( 5 CCy )/R 7’2 dr — 2*(5 /R —TQT dr
C

—1 252 00,2
G _ CC’3—1 — 015> / v D14,

2 2 R T2
[e] ’U2 D1
> / ST dr
R T
provided
522 _ C;'(1-20) -2C
Cy
where 03—1 _ (D=2 and Cy = 22/(P=2) Thus for instance if we choose C' = ﬁ then
3
Cil(1-20) 20 _ Gt () L (14GY) Gt
& C'l Cl 03_1 2C,

—1

2% _9 Q . (o . . . .
and so we need 0 < g7 to get a constant C= 16N in the desired inequality (2.9).

Lemma 2.14 (Propagation of small localized £ norm). There exists §,C > 0 with the following
properties. Let I 5 0 be a time interval and let u(t) € € be a solution to (1.1) on I with initial
data u(0) = ug. Let 0 <1 < ry < 0c0. Suppose that

[wollgry j2,200) < 0-
Then,

[w()lg(ry ) < CO
for all t € I small enough, t < 672.

Proof. Let ¢(r) be a smooth cut-off function such that ¢ =1 on [r1,72] and ¢ = 0 on (0,r;/2]U
[2r9,00). Then 9y = 0 and thus by (2.7)) we have
t o Vi
HU(t)HZ(n,m) S ||U0H§(T1/2,2r2) + 5+
i
Then for short times satisfying ¢ < r? we get the desired estimate. O

Lemma 2.15 (Short time evolution close to W). Let « € {—1,1}. There exists o > 0 and a

function € : [0,00] — [0,00) with €g(6) — 0 as § — 0 with the following properties. Let vy € &

and let v(t) denote the unique solution to (L.1)) with vo(0) = vo. Let po,To > 0 and suppose that
2

T
vg — (W, +0 —5<5§
|| 0 uo”g Lo 0
Then, To < Ty (vo) and

sup [Jv(t) — tWyllg < €0(0)
te[0,To]
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Proof. By rescaling we may assume pug = 1. The result is then a particular case of the local
Cauchy theory, in particular the continuity of the data to solution map at W. O

Lemma 2.16 (Localized short time evolution close to W). Let v € {—1,1}. There exists o > 0
and a function € : [0,p] — [0,00) with eg(6) — 0 as 6 — 0 with the following properties. Let
ug € €, Ty < Ty (up), and let u(t) denote the unique solution to (1.1) with up(0) = ug. Let
o > 0,0 <1y <re < oo and suppose that

T3

[[uo = tWp, ”e(rl/z,zrg) + %

=6 < do

Then,
||'I,L(t) - LW‘“‘OHS(TLTQ) < 60(6)
for all 0 < t < Ty such that Ty < 672.

Proof. Consider vg := ¢ug + (1 — ¢)tW,,,, where ¢ is the same function defined in Lemma
Then

lvo = Wi lle = llduo + (1 = @)Wy — tWglle = 1|0 (w0 — W) lle < lluo — tWgllery /2,212)-
By taking d¢ sufficiently small we see that vg, pg, 1o satisfy the hypothesis of Lemma O

Lemma 2.17. If ¢, € {-1,0,1},0 < ti < rp K U K Ry and u, a sequence of solutions of
(1.1)) such that uy(t) is defined fort € [0,t,] and

lim ||, (0) — Lanan(m/zngn) =0,

n—oo

then

nh—{go t:{gfn] [|un(t) — LnW“an(TmRn) =0

Proof. This is a direct consequence of Lemma ([2.14)) when ¢, = 0 and Lemma (2.16) when ¢,, €
{~1,1). O

3. SEQUENTIAL BUBBLING FOR FINITE TIME BLOW-UP SOLUTIONS

Lemma 3.1 (Identification of the body map). Let ug € £ and let u(t) be the solution to (1.1).
Suppose that Ty (ug) < oo and let I, =[0,T). There exist a mapping u* € € such that for any
ro > 0,

Jim [[u(t) = () = 0 (31)

Moreover, there exists L > 0 such that for each 1o € (0, 00],
lim E (u(t);0,70) = L+ E (u*;0,79), (3.2)
t—)T+

and in particular, lim, o lim;_7_E (u(t);0,r9) = L.

Remark 3.2. See the works of Struwe |Str85] and Qing [Qin95] for analogous results for the
harmonic maps.

Lemma (3.1 can be established by essentially following the proof of the main theorem established
in [Dul3|. In particular, by the arguments in Section 3 of [Dul3| (applied to the domain 2 = R"™)
we have
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Theorem 3.3. Let u be a solution of the following problem:

{ut = Au+ [uP~lu, 0 R x (0,T),

u(0) given, (3:3)

forn>3 and p = Z—f% Assume that

lim sup ||u(t)|le < +o0
t*)T_Q,

and that there is no sub-convergence for u(t) strongly in H. (R") as t — T4. Then there
exist {tx},tx — T4, and u* € HL (R"), a steady state of (3.3), such that u (ty) — u* weakly
in HL (R™). Purthermore, there exist x',...,zN € Rz, — 2/, X, — 0 as k — oo for

t=1,2,...,1; and j =1,...,N, such that the following hold:

N 5 N z—
u (ty) — Z Z (Afk) hw < Z’k> —u*  in HL (R"), ask — oo,

J
j=1 i=1 )‘i,k

and the energy identity holds for each rg > 0
lim E (u(ty);0,79) = E (u*;0,79) + L (3.4)
k—oo

where L = <Z§V:1 Ij> E(W) and W is a bubble solving the elliptic equation

AW + [WPTIW =0, on R™.

Remark 3.4. Note that the bubbles in the above decomposition are not necessarily the standard
Aubin Talenti bubbles since the elliptic PDE satisfied by the bubbles also admits sign-changing
solutions.

Proof of Lemma([3.1 To see observe that the singularity in the radial case can only occur
at the origin » = 0 since otherwise, the solution will blow up at points lying on a sphere which is
an uncountable set. Since energy is quantized, the energy identity would imply that the solution
itself has infinite energy which violates the finite energy assumption. Furthermore, from the
bubble tree convergence in Theorem we see that the solution converges smoothly to the
radiation/body-map u* outside the singular set defined as

S=<zeR": lim liminf/ lu(t) P > e b,
Br(z)

R—0 tg —Ty

and therefore (3.1]) holds. Furthermore, ([3.2) also follows from the H}

loc convergence in Theo-
rem which in particular implies that lim;_7, [ |Vu(-,t)|? exists. O

Proposition 3.5 (Sequential bubbling for solutions that blow up in finite time). Let uy € &,

and let u(t) denote the solution to (L.1)) with initial data ug. Suppose that T (ug) < oo. There
exist a mapping u* € &, an integer N > 1, a sequence of times t, — T, signs '€ {—1,1}V, a

sequence of scales Xn € (0,00)N, and an error g, defined by
N
u(ty) = Z L Wh, +u* + gn,
j=1

with the following properties:
(i) The integer N > 1 and the body map u* satisfy,

tLi% E(u(t)) = NE(W) + E(u*); (3.5)
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(i) for any 0 < a < A

Jim B(u(t); 0,0(T - t)z) = NE(W), (3.6)
Jim B(u(t); o(Ty —1)5, AT, —1)2) =0, (3.7)
Jim B(u(t) — u’;a(Ty - £)2,00) =0, (3.8)

and there exists 0 < Ty < T4 and function p : [To,Ty) — (0,00) satisfying,

lim ((p(t)/v/Ty —t) + lut) = u*|lepu)) = 0; (3.9)

t—Ty

(iii) the error g, and the scales Xn satisfy,

=2
S
b

hm (Hgan +Z ( ,JH)2>§ =0,

k\.’)\»—t

where here we adopt the convention that A\, n11 = (T4 — t,)2.

Proof of Proposition[3.5. Let u(t) € € be a solution to (1.1]) blowing up at time 7 > 0. By (2.1))
we can find a sequence t, — Ty so that,

(T — )2 | T (u(ty))|| 2 — 0 as n — oc.

Applying Lemma with p, = (T} — tn)%, implies that there exist N > 0, mg € Z, ¢ €
{=1,1}N X, € (0,00)" such that after passing to a subsequence, we have

lim <||u(tn)—W( D2 + <,J+1) ):0 (3.10)

n—o00 E(r<A(Ty—tn)2

for each A >0, and A\, v S (T4 — tn)% Consider two smooth cutoff functions

¢=1on [r,re], ¢=0on (0,71/2]N[2ry,00)
X =1on (0,73], x=0on [2re,o0)

where we will choose positive parameters r1 and o appropriately. Define the localized £-norm
on the annulus

@[rl,rg] /¢ r))r D_ldT, [r1 o] = /¢ rP=1ar.
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From ([2.6)) we see that for each 0 < s < 7 < T’y we have,
‘é[m,m} (T) - é[rl,rz} (S)

< [ owigaar+ ([ [ee) " [ [ o)
+ </R+ /T(atu)2¢2(3r¢)2)1/2 (/R+ /T(c‘)ru)2)1/2 i (/ST /R+ \zil1 >1/2 (/ i o) ¢2>1/2
S / |Dru()]132 dt+\/ [ drdt\/ [ owlzar

S W(/ /r21dr>1/2 [ ol at

T, T, — ¢)1/2 T,
< [ 1owiea 0 [ jogar

Let s — T, we see that lim,_,7, (:)[T1 rs)(8) exists. We first prove
Jim E(u(t); (T — )2, 19) = E(u*;0,79) (3.11)

for any ro € (0,400]. To see this observe that set 1y = rg and let 0 < 7’ < & < rq, then

219
Oy )(7) = Oy = [ 6(r)? (E(w) — E(u")).

/,./

As 7 — T the expression on the RHS tends to zero by (3.1]). Thus choosing r; = a(Ty — s)'/?
for any a > 0 we have

* A Ty 9 1 Ty 9
Ot 25) ~ Otalr -2l ()] £ / 19172 dt + — / |10l . dt

which implies that as s — T we have

sl—i>r7r“1+ @[G(T-r*s)l/?,ro}( s) = GFQ(TJr s)1/2,ro]"

Thus, in particular, we have

é[Zoa(T+—t)1/2,r0/2](S) < E[’U,(t), Ot(T+ - 8)1/2,7’0] < é[a(TJr—t)l/ZJ‘O](S)
which on taking limits as ¢ — Ty implies that

lim E(u(t); a(Ty — )2, rq) = E(u*; 0, r0).
t—=T

Proof of (3.8): We will show that for given € > 0 there exists sop > 0 such that for all 7 € s, T})
we have

E(u(r) —u*; o0 (T4 — 7')% x0) Se.
To this end note the following estimate
E(u(r) — u*0q (T — T)%,OO) < BE(u(r) — u*; a1 (Ty — 7')%,7“0) + E(u(t) — u*; 1, 00)
< 2B (u(r); a1 (Ty — 7)%,70) + 2B (s a0 (T} — 7) %, 70) + E(u(r) — u*; 70, 00).
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For 7 sufficiently close to Ty we can first choose rg > 0 small enough such that
LNU(u”‘;ozl(TJr — 7')1/2,7“0) < E(u*;O,ro) <e.
Next using we see that for 7 sufficiently close to T’
E’(u(T) —u*;rp,00) < e
Finally from we have that
B(u(r);a1(Ty — 7)Y%,70) < 2e.
Thus combining all the above estimates we have
E(u(r) — u*sa1(Ty — 7')%, o00) < 4e
which establishes . Furthermore this also establishes ie.,

i () =l o,y = O

Proof of (3.7): Let 0 < @ < A < oo then we first show that
Jum Blu(s);a(Ty = 5)%, AT, —5)2) =0
To see this we just make use of . Since
0 <E(u(s); a(Ty — )2, A(Ty — 5)2) = E(u(s) — u” +u* (T} — 5)7, A(Ty — 5)7)
< 2B(u(s) — u*;a(Ty — )2, A(Ty — 5)2) + 2E(u*;0(Ty — )2, A(Ty — 5)?)
< 2B(u(s) — u*; Ty — 3)2 00) + 2E(u*; a(Ty — 3>%,A(T+ - 3)%)
which tends to zero as s — T4.. Thus

lim E(u(s); (T} — s)%,A(T+ — s)%) =0.

8—>T+

By the same argument if we define the energy density (|1.2)) with just the gradient term, i.e.

E = /(8ru)2rD_1dr
then we can also deduce that
lim E(u(s); (T, — s)%,A(TJr — s)%) =0.

S—>T+

Consequently, if we consider the nonlinear energy then

1/2 1/2 1= 1/2 1/2 1 A(T+ t)l/Q 2%
EmmMﬂ—whma—wwzfmwwﬂ—wAMﬂ—ww—?/@wmmww
a(Ty—

The first term in the RHS of the above equality tends to zero so we only need to show that the
second term also tends to zero. For this, we observe that by using a cutoff function and then
Sobolev inequality we get
A(T+—t)1/2 ; . 1 2*
0< / > rP~tdr < E (u; —a(Ty — )2 2A(T, — t)1/2> — 0
OC(T+—t)1/2 2
as t — Ty and therefore we get
lim E(u(t); (T — 1)z, A(T, — t)2) = 0.

t—Ty
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Proof of and . From the decomposition we deduce that
An,N
(T —tn)
which from implies that L = NE(W). Then
tgrrg E(u(t)) =L+ E(u")

— 0 as n — o0,

N

= NE(W)+ E(u")
= tl—lg“l E'(u(t);o,oz(T+ _ t)1/2) + lim E(u(t);a(T+ B t)1/2,+00)

t—>T+

= lim E(u(t);0,(Ty — )/?) + lim E(u(t) — u* 4+ u*; (T4 — t)Y/?, +00)

t_>T+ t—>T+
= lim E(u(t);0,(Ty —t)V/?) + lim E(u(t) — u*; (T — t)1/2, +00)
t_>T+ t—)T+

: *, _ p\1/2 : %
+ lim E(u ,Oz(T+ t) 7+OO) + O <t£r7g+ Hu(t) u Hcf(oc(TJr—t)l/Q,-&-oo))

t—T

= lim E(u(t);0,a(Ty —t)'/?) + E(u*).

t—>T+
This proves

lim E(u(t)) = NE(W)+ E(u")

t—T

lim E(u(t):0,a(T, —t)2) = NE(W)

t—Ty

as desired. OJ

4. SEQUENTIAL BUBBLING FOR GLOBAL SOLUTIONS

Proposition 4.1 (Sequential bubbling for global-in-time solutions). Let ug € £ and let u(t)
denote the solution to with initial data ug. Suppose that T (ug) = oco. Then there exist
To > 0, an integer N > 0, a sequence of times t,, — 0o, signs I’ € {—1, l}N, a sequence of scales
Xn € (0,00)N, and an error g, defined by

N
u(tn) = Z LjQ)\n + gn
j=1
with the following properties:
(i) the integer N > 0 satisfies,
Jlim E(u(t)) = NE(W); (4.1)
(ii) for every a >0,
tliglo E(u(t); an/t,00) = 0, (4.2)
and there exists To > 0 and a function p : [Ty, o0) — (0,00) such that
- (p(t) :
Jim (577 + (@) le2p0) = 0 (4.3)
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(iii) the scales Mo and the sequence gn satisfy,

tim (Jlgnll? + Z (522

where here we adopt the convention that Ay, j11 := t5.

)D“"_Qf ~0 (4.4)

n,j+1

Proof. Let u(t) € £ be a heat flow defined globally in time. By (2.1) we can find a sequence
1

tn — oo so that, 2|7 (u(ts))|lz2 — 0 as n — co. We can now apply Proposition m which
yields N >0, 7€ {—1,1}, X, € (0,00)" such that after passing to a subsequence, we have

Tim((fult) - WE S >HST<W)+Z( R (w.5)

nj+1

for each A > 0, and moreover that A\, y < t%. Fix a > 0 and let € > 0 be small enough such
that by (2.1) and the fact that |ug|le < 400 we can find Ty = Ty(e) > 0 such that,

4||“0\8</°° /oo(atu(t,r))%drdtf <e. (4.6)
«a To JO

Next, choose T} > T so that

||U(TO)||5(Q\/T/47OO) <e (4.7)

Fixing any such T, we set
d(t,r) = pp(r) =1 — x(4r/aVT) for t e [Ty, T]

where x(r) is a smooth function on (0,00) such that x(r) =1 for r <1, x(r) =0if » > 4, and
IX'(r)| < 1 for all r € (0,00). Since S¢(t,r) =0 for t € [T, T] it follows from (2.8) that

/ et - / au(m)e*

T T 1/2 T 1/2
_ 2,2 2p .2 2,2
= 2 /]R+ To (atU) ¢ 2 </]R+ /TO ’u‘ p¢ ) </]R+ To (8tU) (Z) >
T - >1/2< >1/2
+4</R+ [ G0, /&/Toau

</ /f det) : </Tj /()oo(atu)2>l/2 " <T _TTO>1/2 </R+ Tj(atu)2¢2(8r¢>2>l/2
S (/TO /0 (8,511,)2)1/2

where the constant in the above inequality depends on sup;c(g ) [|u(t)le and . So in particular

- 1/2
we can make this small by choosing Tj large enough such that C' < fi,?;) fooo (6tu)2> < 5. Using

the above together with (4.6)) and (4.7) we find that the Dirichlet energy can be made arbitrarily
small

Eu(T); VT, 0) < &

o[ e )”2 (] /&(atw)”
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for all T'> Ty and ¢ € [Tp,T]. Thus by the localized coercivity lemma we see that that
E(u(T); an/T, 00) > 0 and moreover since

E(u(T); VT, 00) < E(u(T); VT, 0) < &

we get (4.2). Since we proved (4.2) for any « > 0 there exists a curve p such that (4.3) holds.
1

Returning to the sequential decomposition we see from (4.5), the fact that A, v < t2, and
from (4.2)) that we must have

An
lim NV

1
n—00 3
n

Then, (4.4) follows from the above, (4.3) and (4.5). Moreover, we see that lim,,_,~ E(u(t,)) =
(4.1

NE(W) and the continuous limit (4.1)) then follows from the fact that E(u(t)) is non-increasing.
(]

=0.

5. DECOMPOSITION OF THE SOLUTION AND COLLISION INTERVALS

For the remainder of the paper, we fix a solution u(t) € £ of , defined on the time interval
I, =[0,T,) where T, < 0o or T, = +o0o. When T, = +oco we simply set u* = 0. By Proposition
and there exists an integer N > 0 and a sequence of times ¢,, — T} so that u(t,) — u*
approaches an N-bubble as n — oco. We define a localized distance to an N-bubble.

Definition 5.1 (Proximity to a multi-bubble). For allt € I, p € (0,00), and K € {0,1,..., N},
we define the localized multi-bubble proximity function as

N D—2\ %

) . - )\ 2

dic(t;p) = 1yf<||u<t>—u ~WEN R+ 2 () > ,
A j=K J+1

where 7= (tgi1,.-.,en) € {=L 1P K X = (Agy1,...,An) € (0,00)V "5 g := p and
An41 = VL.
The multi-bubble proximity function is defined by d(t) := do(¢;0).

Remark 5.2. Observe that dx(t; p) is small, implies that u(t) — u* is close to N — K bubbles
in the exterior region r € (p, 00).

From Definition [5.1] and Propositions [3.5 and we deduce that there exists a monotone se-
quence t,, — T} such that

lim d(t,) = 0. (5.1)

n—oo

Furthermore, proving Theorem [I.1] would follow from showing that

lim d(t) = 0. (5.2)

t—Tx

Note that it suffices to prove Theorem [I.1]in the case when N > 1 since when N = 0, the result

follows from (3.5) and (4.1). Furthermore, as a direct consequence of (3.9) and (4.3) we have
the following lemma.

Lemma 5.3. There exists Top > 0 and function py : [To,Ty) — (0,00) such that

Jim dw(t;pn(t) = 0. (5.3)
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5.1. Collision intervals. To prove Theorem we analyze collision intervals. We recall their
definition from [JL23a].

Definition 5.4 (Collision interval). Let K € {0,1,...,N}. A compact time interval [a,b] C I,
is a collision interval with parameters 0 < ¢ < n and N — K exterior bubbles if

e d(a) <eand d(b) > n,

e there exists a function px : [a,b] — (0,00) such that dg (¢; px(t)) < ¢ for all ¢ € [a, b].

In this case, we write [a,b] € Cx (e, 7).

Definition 5.5 (Choice of K). We define K as the smallest nonnegative integer having the
following property. There exist n > 0, a decreasing sequence &, — 0, and sequences (ay,), (b,)
such that [ay, b, € Cx(en,n) for all n € {1,2,...}.

Next, we observe that K > 1 since if (5.2)) is false then at least one bubble must lose its shape.
Lemma 5.6 (Existence of K > 1). If (5.2)) is false, then K is well defined and K € {1,...,N}.

Proof of Lemmal[5.6. Assume (5.2)) is false, then there exist 7 > 0 and a monotone sequence
b, — T such that for all n,

d(b,) > n.
Next, we will find two sequences (g,,) and (a,,) such that [a,,b,] € Cn(en,n). First, using (5.1))
we see that there exists ¢, — 0 and a,, < b, such that d(a,) < &,. Note that a, — T\ and
b, — T,. To verify the second point in the Definition [5.4] we need to find a curve ppy. To this

end, we make use of Lemma which yields the existence of a curve py which we restrict to
the time interval [ay,, by]. Then (5.3)) yields

lim sup dy(tpn(t)) =0.

n—oo tE€[an,bn]
Thus up to changing €, we see that all the conditions of Definition are satisfied and hence
[an,bn] € CN(en,n). In particular, K < N.
We now show that K > 1. Suppose to the contrary that K = 0. Then by the Definition
of a collision interval, there exist n > 0, a sequence of times (¢,) and scales p, > 0 such that
do (cn; pn) < €, and d (¢,,) > 1. Without loss of generality assume that n < d (¢,,) < 27 for each
n and 7 is small enough such that Lemma is valid. Then by and we know that

E(u)=NE(W)+ E (u"). (5.4)

Whereas since dg (¢, pn) < €n, there exist parameters p, K A1 < -+ K Ay nv K p(cn) < ¢y
and signs z;, such that

e - (57

2 Ny 22
‘ + Z; <A’”) <é. (5.5)
‘]:

E(pn,00) n,j+1
Then since using Lemma [2.4] and the asymptotic orthogonality of the scales we get
E(u(cn);pn,00) = NE(W)+ E (u*)+o0,(1) as n — o0
Combing the above identity with we get
E(u(cpn);0,pn) =on(l) as n — oo.

As a consequence, localizing u(c,) by a smooth cutoff function x € C2°(B2(0)) we have that
vn = u(cn)Xp, /2 satisfies E(v,) = on(1). However, we will argue that |lv,|le ~ n which by
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Lemma, will yield a contradiction. To this end, we find parameters &,, i, such that

1
sz 2

ne~d(e,) > | ||lulen) —u* (cn) = W (Gn, fin |]£—|—Z< Pn,j > . (5.6)

Hnj+1
Then using the above decomposition and ( as inputs to Lemma with 7 possibly small
enough, we get that &, = i, pn, < pin1 < . --Mn,N < plen) < ey and [Ny j/pn; — 1| S 0(n) for
6(n) as in Lemma 2.7 Therefore (5.5) implies

D—2

N D-2
lu(en) — u* (en) — W G )2, +Z(“”’J) — 0,(1). (5.7)

1
J M, 5+

=0
As the bubbles are confined between the scales p,, and p(cy,), i.e. pn < pin1 and pp, v < p(cp)
we get

HU* (Cn) +W (Fna /Zn)HE(O,pn) = On(l)' (5'8)
From (5.6), (5.7) and (5.8) we deduce that ||v,|% ~ n which yields a contradiction and thus
K>1. (]

Remark 5.7. Without loss of generality we assume that d(a,) = €,, d(b,) = 71, and d(t) €
[€n,n] for each t € [ay,b,]. Furthermore, given parameters €, and n we will often enlarge ¢,
by choosing another sequence €, < €, — 0, and 0 < 1 < 7, resulting in a smaller collision
[ana bn] - [an7 bn] NCk (777 gn)

5.2. Decomposition of the solution.

Lemma 5.8. Let K > 1 be the number given by Lemma[5.6, and let n, €y, a, and by, be some
choice of objects satisfying the requirements of Definition [5.4. Then there exists a sequence

Gn € {1, 1YN"K 4 function i = (urs1,...,un) € C (UneN [an, bn]; (O, oo)N*K), a sequence
vp, — 0, and a sequence my, € Z, so that defining the function,

v Upen [an, bp] = (0,00), v(t) := vppur41(t), (5.9)
we have,

lim  sup (dg(t;v(t)) + [[u(®)lleww<r<awv@)) =0,

n—0o0 te [an ,bn]

and defining g(t) for t € Uy, [an, by| by

(1= xu@ey) (u( Z Ini W) + (1),

j=K+1
we have, g(t) € €, and

. Vt 2
i sw (ol + (205) T 3 (2
n oote[

an,bn] P (t K41

)”22 _o, (.10

pj1(t

with the convention that uy1(t) =t. Finally, v(t) satisfies the estimate,

lim sup |V/(t)| =0.
n—o0 t€[an,bn)

Remark 5.9. The scale v(t) separates the N — K “exterior” bubbles defined on the collision
intervals [ay, b,] from the K ”interior” bubbles. This is evidenced from (5.10]).
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Proof. The proof proceeds by observing that the definition of dx yields the existence of signs &
and scales fi. Finally the scale v(t) = vpui41(t) is chosen by finding a sequence v, — 0 such
that

PK (1) < vppr1(t) < pr4(t)
lim  sup [lu(t) - u*HE(%V,“U,K_H(t)§41/n,u,K+1(t)) =0.

%0 te(an,bn]

See proof of Lemma 5.9 [JL23b| for details. O

Lemma 5.10 (Basic modulation). There exist Cy,n9 > 0 such that the following is true. Let
J C [an,byn] be an open time interval such that d(t) < no for all t € J. Then, there exist
re {—1,1}5 (independent of t € J), modulation parameters X € C1(J; (0,00)%), and g(t) € €
satisfying, for all t € J,

u*(t) == (1- Xu(t)) u(t) if Th < oo
G if Ty = oo

and v(t) is as in (5.9)). The estimates,

. oo\
Co'at) < la()le + 3 (5205) " <cwo. G
|Nj(1)] < )f(ot)d(t), (5.14)
VOB VOB .
bole+ 2 (5m) = (gim) ©amdeol 9
‘jtaj(t)‘ < )\ﬁ?)zd(tﬂ when D > 6 (5.16)

where S = {j € {1,..., K — 1} : ¢t = 1j41} and by convention A\o(t) = 0, \g4+1(t) = oo for all
teJandje{l,--- ,K}.

Proof. The proof of (5.11)), (5.12) and (5.13)) and (5.15) follows directly from the argument

outlined in Step 1 of proof of Lemma 5.12 in [JL23b]. Thus it suffices to prove the dynamical

estimate (5.14) and ([5.16)). Differentiating in time the orthogonality conditions ([5.12)) yields, for
each j =1,..., N, the identity,

0= —ij <Azﬁ | g> + <zﬁ | (9tg> . (5.17)
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Next, differentiating in time the expression for g(t) in
N
(rorx) (+/v(t)) + Z LN AW,
j=1
N

Org = XxvO0ru(t) — u(t)

j=1

+ FV@X) +9) = FVEX) = ' V(@ X)g + Z XA, (5.18)

where

(rorx) (-/v(t)) + f(u)xy — f(xpu)

The subscript i above stands for “interaction” and q stands for “quadratic.” For each j €
{1,..., N} we pair (5.18) with Z,, and use (5.17)) to obtain the following system

N (AW | 2) — ¥ L2, 1 9)) + 3w AWy, | 2,)
1]
= (Lwg | Zx,) — (FEX) | 20,) — (fa(T X.9) | Zn,) — (Blu,v) | Zy,)-
The above is diagonally dominant for all sufficiently small 1 > 0, hence invertible. Then esti-
mating each term

(u,v) == —ulx, — 20,udr Xy — u(t)yy

(Lwy | Z», > ||9||5
(EX) | 2) ((A ) (A;;I);) < Alj(d(t)2+on(1)).
(falt:X.0) | 23, \>\ A+ on(D), [(0.0) | 23)] S 3on)

It follows that,

for some sequence (3, — 0 as n — oo. Then (5.14) follows by enlarging e,.
Step 2:(Proof of ((5.16))). Denote

_ K
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Then using this notation and differentiating (2.3 we get

d _ _ _
aaj = <at04>\j | g> + <Oé)\j | 8tg> .
Expanding the first term on the right gives,

(o, 1) = (3, (733 )

i/ 1

Aj

)
and thus using we get

(o103, 16)] < j (A(0) +04(1))
For the second term using and the notation used in the previous step

(ax, [ 0g) = —(a5, | Lwg) + (o5, | HEN) + (o5 | fa(@: X 9))

N
+ (a;\j | ¢(u,v)) + <a;j | Z LiAgAWﬁ)
i=1
Then estimating as before

_ Lo 1 1
(o5, | fa(@ X 9)| € 55@®? +0n(1), [{ax, | é(w,v) |)] S 550a(1)
J J
For the last term note that using <y | AW> =0 we get
Sy A}
(ax, 1OW@X)) = S unst (0, 1AW,
i#]
Using the estimates,
—4
XY 2 ep . .
s ife <y
(o 1am)< | B),
o (ﬁ) 2 ifi>j
J
and the fact that D > 6, we obtain,
_ Lo 1
[(ax, 10WVEX)) | S 57 (A1) + 0n(1)
J
Combining all the estimates above implies ([5.16]). O

Next, we prove a lemma connecting localized bubbling as in Lemma to sequential bubbling.
Lemma 5.11. There exists a constant no > 0 having the following property. Let t, € [an, by)
and let uy, be a positive sequence satisfying the conditions:

(1) hmn—mO I 1n(tn) - 07

(2) pn = v (tn) or ||u (tn)HE(unJ/(tn)) <o
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Then lim,, o d (t,,) = 0.

Proof. Let R, be a sequence such that pu, < R, < pg+1 (t,). Without loss of generality, we
can assume R, > v (t,), since it suffices to replace R, by v (t,) for all n such that R,, < v (t,).

Let M, v, Xn be parameters such that

) = (70, 30)

2 Mad /oy b2
+ ”’j> =0 5.19
et 2 5 619

n,j+1
which exist by the definition of the localized distance function (|1.3|). Set
uf) =X, u ), uf) == xr)u(ta), ul™ = ute) —ul) —u?).
Observe that if i, is a positive sequence such that lim, o d,, (t,) = 0, then
Jim () (2, ) =0 (5.20)
Combining this with the localized decomposition ((5.19) we have
lim [|ul) — W(z,, Xp)|le = 0.
n—oo
Furthermore observe that if ¢,, € [an,b,] and v (t,) < Ry, < pry1 (tn), then
Jimlu(tn)llg(r, 2r,) = 0- (5.21)

Thus using the second assumption along with (5.20)) and (5.21)) for n large enough we have

lu™lle < 20,

which implies from Lemma that 0 < E (u,({”)) < 21mp. We also have, again using ([5.20]) and
(5-21),

limsup |[E(u(t,)) — E(u®) — Eu{™) — Eu{)| = 0.
n—o0
Combining the above convergence with lim,_,.o E(ugo)) = (N - K)E(W) + E(u*) we see that
M, = K and lim, E(u,(@m)) = 0. Using Sobolev embedding, we get lim,, o ||u£Lm)Hg =0
which establishes the desired result. O

6. CONCLUSION OF THE PROOF

Now we are in a position to conclude the proof of Theorem The idea is to first observe
that the length of the collision interval is related to the scale of the K-th bubble. This follows
from the dynamical estimate and the fact that K is minimal as in Definition As a
consequence, one can identify a suitable sub-interval of the collision interval in which the scale
Ak does not change much. Finally combining the previous observation along with the fact that
the tension is finite one can deduce a contradiction, which in particular implies that and
thus Theorem [I.1] holds.

For convenience, we assume that whenever [a,, b,] € Ck(€,,n) then d(ay) = €, d(b,) =7 and
d(t) € [en,n] for all t € [an,by]. This can always be done by Remark

Lemma 6.1. Ifny > 0 is small enough, then for any n € (0,n0] there ezist e € (0,m) and C,, > 0
with the following property. If [c,d] C [an,by], d(c) < € and d(d) > n, then,

(d—c)2 > Cl Ak (c)



SOLITON RESOLUTION FOR ENERGY-CRITICAL NLH IN THE RADIAL CASE 29

Proof. If not, then there exists n > 0, sequences €, — 0, [cy,dy] C [an, by, and C,, — oo so that
d(c,) < €, d(d,,) > n and

(dn — cn)? < Cy Ak (cn). (6.1)
We will show that [¢,,,d,] € Ck—1(€n,n), hence contradicting the minimality of K.
First, using (5.14))
A2 = Ag(en)?] < Colt — ) (6.2)

for all t € [cy,dy] and all j =1,---, N. Hence, using the contradiction assumption (6.1)) we can
ensure that for large enough n,

A (1)
Aj(cn)
forall j = K,...,N and all ¢ € [¢,,d,]. Since d(c,) — 0 we have

<

<

=~
| Ot

lim sup Z( A®) >D22:0 (6.3)
" tefen,dn] i Aj(t) '
and furthermore there exists a sequence (ry,) such that
- 1
A—1(cn) + (dn — cn)? < 7y < Aic(cn) and lim E(u(cn); grn,Srn) =0. (6.4)

Letting ¢(r) be a smooth bump equal to 1 for r € (1/4,4) and supported for r € (1/8,8) with
|¢/(r)| < C, we apply (2.7) with ¢(-/r,) we deduce that for any t € [c,, d},],

/ eu)e? - [ stutens?

Ry

o [ tnetss([ [ ) ([ o)
([ [ 5] )"

which implies that

1/2

~ 1 ~ dn — ¢ dn — ¢y 1/2
E(u(t); Zrn,élrn) < E(u(ep); 1/8ry, 8ry) + Co - Cn Ol( TC )
and hence,
~ 1
lim sup E(u(t); —rp,4r,) =0.
M0 te e dn] 4
Next, we claim that
- 1 -
oo ]E(U(t); 7" 00) S (N = (K =1)E(W) +o0a(1) (6.5)

D=

In the case T’y < oo we recall that a(t) = ay, (T4 —t)2? and we write,

B (u(t) — o (8); irn, oo) ~ B (u(t) _ o (8); irn, ia(t)) + B (u(t) o (8); ia(t), oo)
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Since a(t) > p(t) we have,
lim B (u(t) ot (b); ia(t), oo> ~0

t—o00
Recalling that u(t,r) — u*(¢,r) = u( ,7) for all 7 < a(t) we again apply (2.7) with the cut-off
function ¢(¢,7) = (1 = Xar, (7)) X1, (7). Since La(t,7) <0 we use (2.7) to deduce that for all
t E [077,7 dn]7
~ 11 ~ 11 dy —c dy, — cn)'/?
E (u(t) —u*(t); UL 4a(t)) <FE <u (cn) —u* (en); g 2a(t)> +Co nr% © o+ C1( = rnn)
and the right hand side tends to zero as n — oo, proving (6.5 in the case Ty < co. When
T, = oo, recall that u*(t) := 0 and a(t) = a,\/t. Thus we have

1 1 ~ 1

1 Za(t)) + E(u(t); Za(t), 00)

Using (4.2) we see that both quantities on the RHS tend to zero as n — oo, proving (6.5)) in the
case when T = oo.

B(u(t); yras 0) = Eul?);

Now using (6.2)) with j = K — 1 we get
sup ‘)\K 1( )2 - >\K—1(cn)2‘ S dn — Cn,
t€[cn,dn)

which in turn implies

N|=

sup )\K—l(t) S >\K—1(Cn) + (dn - Cn)
t€[cn,dn) Tn Tn Tn

—0 as n — o

since 1, satisfies (6.4]). As a consequence if we denote
v(t) = (1= xp,)(ult) —u)

with v(t) € € for t € [cy,d,], then

D—2

)577

Thus dy_g+1(v(t)) < n. Applying Lemma we can find signs 7 € {1, 1}V =K+ scales
A (t), ..., An(t) and error term h(t) such that

h(t) = v(t) = Wik, ... en, A (), .., AN (1))

”U<t) — W(LK, .. LN,)\K( H5 + Z <

so that

D72

N~
0= (25,4 | A1), and [|h() Z( ) <
=K

Aj+
Next, using (6.3)) and the fact that Xj( t) satisfy |)\ (t)/Aj(t) — 1] S n, we get

N-1 ~(t) D2
lim sup =0. (6.6)
%
n Oote[cn,dn}j:K >\j+l(t)

Next, using Lemma with r,, a sequence R,, satisfying XK(cn) < R, < XKH(cn) and
un(t) = v(cy, +t) we get
lim  sup [|h(t)lle(r,,R0) = O-

70 e en dn]
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To show that limy oo Supscre,, 4,1 17()llg(rn,00) = 0 one can first consider a partition of the
interval [r,,/2,00) in terms of overlapping intervals

N N
(r/2,00) = | [ /2.2R0) = | 13,
j_K J=K
where the sequences satisfy = AR ilen) < e < i = R} < 2R}, and % < An(en) < RN
forj=K,--- ,N —1 with 7" =r, and RN +oo Then observe that
N
[T, 00) = U [r] RI) U IJ.
j=K

Foreach j = K,--- , N, we can apply Lemmamm each interval I, with the observation that on
this interval h is small since u is close to a single bubble with scale Xj as d(¢,) < €,. Propagating
this smallness bound we deduce that v remains to close to this bubble on I3. Summing this up
we see that h is close to the multi-scale bubble configuration on U;V: K I = [, 00) and thus

lim  sup ||A(t)|le(r,.00) = O-
N0t dn) (rn-20)
Therefore, setting pg—1(t) :=ry, for t € [c,, d,] we get

lim  sup d(t;px-1(t)) =0

n—r00 tE[cn,dn}
which means that we can find > 0, €, — 0 such that [¢,,d,] € Cx—1(€,,7) contradicting the
minimality of K. O

Remark 6.2. When D > 6, one could alternatively proceed in the following manner after .
From ([2.4) we get

N1 S =
h(t +  max__|a;|*(t) + on(1).
IhIE < ;( o t)> a0 + 0u(1)
Using (5.16)) we deduce that
: d. —
‘dt§|a;(cn)!+n7%%0

o< e tenta [0
a7 ()] < a7 (ea)] + / s .

as n — oo since (d, — ¢,)"/? < Mg (c,) and |a; (cn)| < d(cn) < €,. By using the analysis carried
out in Appendix A and B in [JL23b| this type of argument can also be carried out in dimension
D > 4.

Lemma 6.3. Let ng > 0 be as in Lemma n € (0,m0], €n — 0 be some sequence, and let
[an,bn] € Cx(€n,n). Then, there exist € € (0,m), ng € N, and ¢y, d,, € (an,by) such that for all
n > ng, we have

dit) > e, V1€ [ondn), (6.7)
dp —cp = %AK(Cn)Qa (68)

and
%AK(%) < Axc(t) < 20ic(en) ¥t E [cn,dn]. (6.9)

Proof. See proof of Lemma 6.2 in [JL23a). O
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Proof of Theorem[1.1. We proceed by a contradiction argument. Suppose that Theorem [L.1] is
false. Then let [ap, by] € Ck(€n, 1) be a sequence of disjoint collision intervals as in Lemma
and let n > 0 be sufficiently small such that Lemma [6.1] and Lemma hold. Let € > 0, ng,
and [cp,dy] be as in Lemma

Then first we will show that there exists a constant ¢y > 0 such that for every n > ny,

. 2 2
e[lnfd ])\K(t) | 0pu(t)]|52 > co- (6.10)

Cn,0n

If not, we can find a sequence s, € [¢,,d,] (after possibly passing to a subsequence) such that
lim Ak (sn)||Owu(sn)] 2 = 0.
n—o0

However, then Lemma yields a sequence 1, — oo such that, after passing to a further
subsequence,

lim 5Tn)\K(sn)(u(Sn)) =0.

n—oo

Then Lemma [5.11] implies that
lim d(s,) = 0.

n—0o0

contradicting (6.7). As a consequence ([6.10)) holds. Therefore, using ((6.10J), , and we

have
- Bpu(t)|2, dt > & " 24> 2 -1
Do low®ITzdt= Y [ Ak(en) At = D T = o

n>ng Y n n>ng Y n n>ng

On the other hand, by (2.1) and the fact that the [c,, d,] are disjoint, we have,

dn T
> [t [ ool dt < o,
Cn 0

n>ng
which is a contradiction. O
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