CONTINUOUS-IN-TIME BUBBLING AND PROGRESS TOWARDS
SOLITON RESOLUTION CONJECTURE FOR THE ENERGY-CRITICAL
NONLINEAR HEAT FLOW

SHREY ARYAN

ABSTRACT. We show that any finite energy solution of the energy-critical nonlinear heat flow
in dimensions d > 3 asymptotically resolves into a sum of possibly time-dependent solitons, a
radiation term, and an error term that vanishes in the energy space. As a consequence, when the
initial data has finite energy and is non-negative, we settle the Soliton Resolution Conjecture
for all dimensions d > 3.

1. INTRODUCTION

1.1. Problem Setting. In this work, we study the long-term behavior of solutions to the
energy-critical nonlinear heat flow in dimensions d > 3:

Oru = Au + |uP~ (1.1)
u(0, ) = up(x) € HY(RY),

where p := %. This model arises as the negative gradient flow of the following nonlinear energy
functional:
B(u) = 1/ Vulde — —— [ ju(@)PHde (1.2)
Y p+1 Jpa ’ '

which appears naturally in the study of extremizers of the Sobolev inequality and, more generally,
is connected to the Yamabe problem on the sphere via stereographic projection. The local well-
posedness of in H'-norm is classical and was initiated by Weissler in [Wei79, Wei80], with
further contributions by Giga [Gig86], Ni-Sacks [NS85], and Brezis-Cazenave [BC96]. Observe
that the solutions of are invariant under translations and parabolic scaling,

—2

u(t,x) — up(t,z) == AT (t/X%z/N), A>0.

Since the nonlinear energy is invariant under these symmetries, i.e., F(u) = F (u)), the equation
(1.1) is energy-critical. Testing (1.1]) against d,u and integrating by parts we observe the formal
energy identity

T
E(u(T)) + /0 |02 dt = E(u(0)), (1.3)

for each T > 0. In particular, this implies that the nonlinear energy is non-increasing along the
flow. Any function W : R — R solving the elliptic PDE

AW + [WPw =0 (1.4)

is a stationary solution and will often be referred to as a bubble or soliton of (1.1)).
1
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1.2. Statement of the Main result. To state our main Theorem we first define a notion
of scale and center of a non-zero stationary solution. Let S > 0 in R? be the sharp constant for
the Sobolev inequality,

[ullpeer < S|Vl 2
for all uw € H'. Then observe that for any non-zero stationary solution W € H' we have

/yVWdeZ/ WP
R4 R4

By the variational characterization of the Sobolev inequality, the best constant (or equality) is
attained by a positive stationary solution W’, i.e.,

/ W/ |PHlde = SP! (/ VW' 2z
Rd R4

implying that for any positive stationary solution we have

(p+1)/2
> = / VW |?da
Rd

/ VW' 2dz = S~
R4
Therefore, for any sign-changing stationary solution, we have
/ VW |2dx = / VIV 2da + / VW™ ?dz > 2574,
R4 R4 R

In particular, we deduce that any non-zero stationary solution W € H* satisfies
VW7, > 5~

Denote E, := S~¢ as the minimal energy of any non-zero stationary solution of (1.4), and in
general, let E(u) := |[Vul?, for any u € H'. Thus, given any non-zero stationary solution
W : R? — R, we define its scale and center as follows:

Definition 1.1 (Scale of a stationary solution). Let v € (0, E,/2). Then the scale associated
to a non-trivial stationary solution W, denoted by A(W;~), is defined by

AW ;~0) == inf{\ € (0,00) | Ja € R? such that E(W; B(a,\)) > E(W) — o}

Definition 1.2 (Center of a stationary solution). Let 7o € (0, E,/2) and let A(W;~0) be the
scale of a non-zero stationary solution W. Then the center, denoted by a(W;~g) € RY, is defined
as

E(W;B(a(W;70), \(W;v))) = E(W) — .

These quantities are well-defined as we will later prove in Lemma 2.1} Since our main result says
that finite energy solutions of ((1.1)) eventually approach a sum of stationary solutions, it will be
convenient to define their sum, which we will often refer to as a multi-bubble configuration.

Definition 1.3 (Multi-bubble configuration). Let K € {0,1,2,...}. A K-multi-bubble config-
uration is the sum

K
W(z) = ZWj(ﬂﬂ),

7j=1
where W; : R? — R are smooth non-zero stationary solution. By convention if K = 0 then
W = 0. To emphasize the dependence of W on the collection {Wj}le, we will occasionally
write W = W(W), where W = (W1,..., Wk).
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Next, we quantify the distance of a function to some multi-bubble configuration.

Definition 1.4 (Localized distance to a multi-bubble configuration). Given,

(1) some scales &, p, v € (0,00), such that £ < p < v;

(2) amap u:[0,Ty) x B(y,v) — R, where Ty > 0 and o € (0, E,/2);

(3) anon-negative integer K € N and non-zero stationary solutions Wi, ..., Wk with centers
a(Wj;v) € B(y,€) and scales A(Wj;70) € (0,00) for each j € {1,..., K};

(4) collection of radii 7 = (v,v1,...,vg) € (0,00)%*! such that B( (W) vj) C B(y,§)
and smaller scales £ = (&,€1,...,&k) € (0,00)5T such that & < A(Wj;0) for each
jed{l,...,K}.

Then the localized distance is defined as

dwO(U(t),W;B(y,p);ﬁf):ZE(U— W(W)); B(y, ) + E(u; B(y,v) \ B(y,£))
AW
A(W.

A(W;) W) L la(W;) — a(Wi) |\ 272
A +§<A<m> ' 2)

i) AW;)
MNW;) A(W;) &
T Z (dl&t W;),0B(y,£)) + vj * )‘(VVJ))

5]
P dist(a(W4), 0B(a(Wj),vj))

Jj k€IZ;

Minimizing over all the parameters in the above definition yields,

Definition 1.5 (Localized multi-bubble proximity function). Given, y € R p € (0,00), u
[0,T}) x B(y, p) — R, where T} > 0 and ~p € (0, E,/2), define
6’70 (U(t), B(y7 p)) = ln_f: _.d’YO (’U,, Wa B(y7 :0)7 ﬁ? g)

7V7£
where the infimum above is taken over all possible K-multi bubble configurations for any non-
negative integer K, over all parameters 7 € (0,00)%*! and ¢ € (0,00)%*! as in Definition

Since we will fix g later, we drop the subscript involving 7y in subsequent expressions.
With these definitions in hand, we state the main theorem in this paper.

Theorem 1.6 (Continuous Bubbling for NLH). Let u(t) be a solution of (1.1)) with initial data
ug € H'. Let Ty = Ty (ug) € (0,00] denote its mazimal time of existence and assume that u(t)
has finite energy, i.e., supycpo 1, ) E(u(t)) < oo. Then the following hold

(i) If T, < oo, then there exists a finite energy map u* : R — R, an integer K > 1, and

points {x! Kl C RY such that the following holds: let t, — T, be any time sequence. After
passing to a subsequence (still denoted by t,,) we can associate to eachi € {1,...,K} an integer
d i . , i i _Aim
J;, sequences a n € R® and A%, € (0,00) for each j € {1,...,J;}, with aj, — ', T -0
as n — 00, and Non-zero bubbles Wi, ..., W} such that
A\ A\ a — g
lim ( 22+ l:" + % - kn|> =00 forallj#k, (1.5)
noe NN Ajin Ajin
and
u(tn) = u* +ZZW’ a0y Ao 4 0 (1), (1.6)

i=1 j=1
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where Wilal N5 J(x) = (N5,) " 22W,((x — al,)/Xl ) and the error term oy (1) — 0

J”’ J,m

strongly in H*.

(ii) If Ty = oo, then let t, — oo be any time sequence. After passing to a subsequence we

can find an integer K > 0, sequences a;, € R? and Ajn € (0,00) for each j € {1,..., K}, with
lim ‘ajvn‘ + Ajvn
n—oo A /tn

and non-zero bubbles W1, ..., Wg, so that

=0 (1.7)

fim ((Nn ko |ajn — agnl
oo )\kan )‘]'7" )\jn

)

>:oo for all j # k,

and

K
ZWJ @jns Njn] + 0pp (1) (1.8)
J=1
where Wilajn, A\ja](®) = M) @ 2D2W;((x — aj,)/Njn) and the error term o1 (1) — 0
strongly in H'.

Note that the bubbles obtained in the above decomposition may depend on the sequence of
times, which is similar to an issue encountered in [JLS25]; however, we can resolve this issue for
(1.1) with a very reasonable assumption.

Corollary 1.7. Let u(t) be a solution of with non-negative initial data ug > 0 and ug € H®.
Let Ty = T (up) € (0,00] denote its mazimal time of existence and assume that u(t) has finite
energy, i.e., SUPyeio,r,) E(u(t)) < co. Then the maps obtained in the decompositions and
are unique and independent of the sequence of times.

Theorem is a consequence of the following localized bubbling result, in which we denote the
ball centered at € R? with radius 7 > 0 as B(z,r) := {y e R : |z — y| < T}.

Theorem 1.8 (Localized Bubbling for NLH). Let u(t) be a solution of (1.1)) with initial data
ug € H'. Let Ty = T (ug) € (0, oc] denote its mazimal time of existence cmd assume that u(t)
has finite energy, i.e., sup;cpo1,) E(u(t)) < co. Then there exists o = Yo(SuPsefo, 1, ) E(u(t))) >
0 such that the following holds:

(i) If Ty < oo, then for any y € RY,

lim 6., (u(t); B(y, V/T+ —t)) =0.

t—>T+

Moreover, let t, — Ty be any sequence and let B(yn, pn) be any sequence of balls such that
B(yn, Rnpn) C B(y,/T+ — t,) for some sequence R,, — co. Suppose cu,, By, are sequences with
an, — 0, B, — 00, limy, o BnR;1 =0, and

nh—>rgoE(u(tn)v B(ym Bnpn) \B(yn’ anp”)) =0.
Then,
lim 4, ( (t );B(ynapn)) = 0.

n—o0
(i) If T = oo, then for every y € RY,
lim &, (u(t); B(y, \/73)) =0.

t—00
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Moreover, let t,, — oo be any sequence and let B(yn,vy) be any sequence of balls such that
B(yn, Ravn) C B(y,/tn) for some sequence R, — oo. Suppose an, [, are sequences with
an — 0, Bn — 00, limy, 00 B R =0 and

nlggo E(u(tn)v B(Yn, Bupn) \ B(Yn, a”p”)) =0.
Then,

lim 6., (u(tn); B(yn, pn)) = 0.

n—o0

1.3. Background and Motivation. A fundamental problem in the analysis of nonlinear par-
tial differential equations (PDEs) is describing the long-time behavior of their solutions. The
Soliton Resolution Conjecture asserts that any finite-energy solution to a dispersive PDE asymp-
totically decomposes into a sum of decoupled solitons that are stationary solutions of the un-
derlying equation, a radiation term that behaves like a solution to the linear flow, and an error
term that vanishes in the natural energy norm. This conjecture arose from the numerical exper-
iments of Fermi-Pasta—Ulam-Tsingou |[FPU55| and Zabusky-Kruskal [ZK65|, which provided
evidence that it holds for the Korteweg-de Vries (KdV) equation. Since then, the problem has
been extensively studied for the KdV equation as well as for several other integrable models.
Beyond integrable systems, analogues of the Soliton Resolution Conjecture have emerged across
various areas of mathematics. In general relativity, the Final State Conjecture (cf. [Kla07])
predicts that generic solutions to Einstein’s field equations asymptotically approach a finite
number of stationary solutions or Kerr black holes moving apart from each other. In geometric
analysis, Soliton Resolution arises naturally in the study of gradient flows associated with con-
formally invariant variational problems. For example, pioneering works of Struwe [Str85,Str94],
Qing [Qin95], Qing—Tian [QT97|, and Hong—Tian [HT04] have established bubbling or Soliton
Resolution along a well-chosen sequence of times for the harmonic map and Yang—Mills heat
flows.

Motivated by these parabolic works, in this paper we study the energy-critical nonlinear heat
flow in dimension d > 3. Our main result, Theorem [1.6] establishes a continuous-in-time bubble-
tree decomposition for all finite-energy solutions of . More precisely, any solution with
uniformly bounded H'-norm decomposes into a sum of solitons that may vary along different
time sequences, a radiation term that is asymptotically trivial or captured by a weak limit in
H', and an error term that vanishes in the energy space. Moreover, when the initial data is non-
negative, Corollary shows that Theorem implies the Soliton Resolution Conjecture, since
positive solitons have been classified and are unique up to the symmetries of the equation due
to [Oba72l|CGS89]. Therefore, Theorem 1.6]extends Struwe’s classical compactness result [Str84],
which establishes a similar decomposition only along a well-chosen sequence of times, while
Corollary provides the first instance of Soliton Resolution for a non-integrable PDE, beyond
radial symmetry, and without restrictions on the size of the initial data.

To explain the significance of our result, we now review some key developments in the literature.
In the integrable setting, where tools such as the inverse scattering transform are available, the
conjecture is well understood for models including the KdV equation [ES83|, the modified KdV
equation [Sch06], the one-dimensional cubic nonlinear Schrédinger equation (NLS) [BJM18§], the
derivative NLS [JLPS19], and, more recently, the Calogero-Moser derivative NLS [KK24].

For non-integrable equations with radial symmetry, where the solitons do not move in space,
the conjecture has been settled for the nonlinear wave equation [DKM12, DKM13, DKM23|
DKMM22,JK17,CDKM22,J1.23b}, JL22], damped Klein—-Gordon equation [BRS17,GZ23|, equi-
variant self-dual Chern—Simons—Schrédinger equation [KKO22|, equivariant harmonic map heat
flow |[JL23a], and energy-critical nonlinear heat flow |[Ary24].
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For non-integrable equations, without radial symmetry, Soliton Resolution is known in one
dimension for the damped Klein-Gordon equation [CMY21], in the neighborhood of a few solitons
for the energy-critical nonlinear heat flow and the damped Klein-Gordon equation [CMR17,IN23|
[sh25], continuously in time for the harmonic map heat flow [JLS25] or along a sequence of times
in dimensions 3 < d <5 for the energy-critical nonlinear wave equation [DJKM].

In contrast, establishing our main results requires working in any dimension d > 3, where solitons
exhibit only weak decay and no longer enjoy radial symmetry, allowing them to translate in
space and potentially behave pathologically (cf. [Din86,DPMPP11,[DPMPP13]). Moreover, we
impose no restrictions on the size of the initial data, which implies that the nonlinear energy
is, in general, non-coercive, unlike the setting of [KMO06, GR18|. We overcome these difficulties
by introducing new ideas that are robust and adaptable to other nonlinear parabolic flows. In
particular, our modified notion of collision intervals, introduced in Section [3] can be used to
generalize the results of [JLS25] to higher-dimensional target manifolds.

1.4. Proof Sketch. The proofs of the main Theorems and build on the framework
of [JLS25], but require addressing new difficulties that arise in the context of the energy-critical
nonlinear heat flow. This includes:

e Non-coercivity of the energy functional. The lack of a definite sign for the energy func-
tional , especially in non-radial settings, prevents the use of standard energy esti-
mates (cf. [Ary24]). To overcome this, we develop new localized energy estimates and
use profile decompositions to show that there is no concentration of energy outside the
self-similar region, which is a key ingredient in our argument.

o Absence of energy quantization. Unlike the case of harmonic maps between the plane
and the round two-sphere, solitons for do not exhibit quantized energy, thereby
preventing a direct application of the collision intervals from [JLS25]. Nevertheless, the
existence of a uniform positive lower bound on the energy of any soliton allows us to
define suitable collision intervals, which is sufficient to establish our main results.

We first sketch the proof of Theorem which in turn is used to prove Theorem The
argument begins by contradiction. Thus, assume that there is a sequence of times along which the
solution deviates from a multi-bubble configuration. Unfortunately, it is difficult to analyze this
sequence, and so we give ourselves a bit of room and instead analyze a sequence of time intervals
where the solution deviates from a multi-bubble configuration; these sequences of intervals are
called collision intervals, for a precise definition, see (3.1]).

Thus, consider [an, b,] C [0,7}), a sequence of time intervals where near the endpoints a, and
b, u(t) is close to some multi-bubble configuration while inside [ay,b,], u(t) deviates away
from this multi-bubble configuration. We define K as the smallest non-negative real number
such that, heuristically, u(a,) is close to a K-bubble configuration. Note that defining K is
straightforward when the energy of each bubble is quantized, as in the case of harmonic maps
from S? to S? since we could simply sum up the energies of each bubble arising in the limit when
n — oo. However, in general, sign-changing stationary solutions could attain a continuum of
energies, and thus we need to define K in an approximate sense; see Definition [3.1

Next, the idea is to use the minimality of K to relate the length of the collision interval to the
size of the largest bubble that loses its shape or comes into a collision. In other words, we show
that there exist a sub-interval [c,, dy] C [an,by] and a constant C; > 0 such that

chv dn” > Cl)‘rznax,n
where A?na.x,n is the largest scale associated with a bubble that comes into a collision. An

application of the elliptic bubbling Theorem on the interval [¢,,d,] and a contradiction
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argument yield a constant Co > 0 such that

inf  Apacnl|Oru(t)|| 72 > Co.
seinf, Amax, 10ku(t)|| 2 > Co

Combining the above two estimates with ([1.3)) gives

T: dn
o > / |2 dt > 3 / (]2 dt 2 371 = o0,
0

neN v ¢n neN

which is a contradiction, thus completing the proof of Theorem [1.6

Now let t, — T be any sequence of times. From Theorem (1.6 we see that wu(t,) approaches K
multi-bubble configuration on either B(y, /T — t) when Ty < oo or B(y,/t) when T, = oo.
In particular, the K multi-bubble configurations depend on n. To obtain a finite number of
bubbles (independent of n) as in Theorem that are asymptotically orthogonal in the sense
of and , we apply the Compactness Theorem to each bubble obtained in the
sequence of multi-bubble configurations arising from Theorem [I.6] and build a new bubble tree
configuration by selecting bubbles such that and are satisfied. The resulting multi-
bubble configuration then satisfies all the requirements of Theorem thus completing the

proof.

1.5. Notation and Conventions. We use the following conventions in this paper.

e We denote Strichartz spaces LY L% where the subscripts indicate L? integral in time and

LY integral in space. In general, we will use Sobolev spaces instead of LP spaces.

e Some constants that will occur frequently include p := %2, for d > 3 and E, := HW’H%1

d—27

where W is a non-zero positive stationary solution of ([1.4)). Furthermore, the inequality
A < B means that A < CB for some constant C' > 0, while A ~ B means that A < B

and B < A.

e An open ball is defined as B(z,r) = {2 : |z — x| < r} while a parabolic ball Q,(z,t) :=
B(z,r)x (t —r?,t) for any z € R%, ¢ > 0, 7 > 0. For convenience, Q1 := B(0,1)x(—1,0).
e We will often localize several quantities over the course of this paper. To simplify nota-

tion, first, we define the energy densities relevant to the energy-critical heat flow

[Vul*  JufPt!
e(u) := 5~ ,
p+1

and &(u) := |Vul|?,

where v : R x R — R. Given A C R? we measure these quantities localized to this

region

E(u; A) ::/Ae(u(t,x))da:, and E(u; A) ::/Aé(u(t,:ﬁ))dx.

Sometimes the domain A might be time-dependent, in which case it is easier to localize

using cut-off functions. To that end, given any ¢ € C*°(R?) we define

Ey(u) := /Rd e(u(t,r))¢*(x)dr, and Ey(u) ::/ e(u(t, z))¢*(z)dz.

Rd

e A standard cut-off function will be denoted by x € C2°(R?) where x = 1 on B(0, 1) and
X = 0 outside B(0,2). The rescaling of x, will be defined as xr(z) := x(z/R) for any

R > 0.
e Given A > 0, z € R? and a function W : R — R, we define the rescaled function as

Wiz () = —ag W (x - Z) .

2
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2. PRELIMINARIES

2.1. Properties of Stationary Solutions. In this section, we recall some standard properties
of non-zero solutions to (L.4)), show that the definitions of scale and center (see Definition
and are well-defined, and establish some natural consequences of these definitions. Let
W : R = R be a non-zero finite energy solution of . We will show that the definition of
its scale A(W; ) and center a(W;~q) is well-defined.

Lemma 2.1 (Center and scale). Let vo € (0, E./2), let W : RY — R be a non-zero stationary
solution, let A\(W) = AN(W,~0) be its scale from Definition and let a(W) = a(W,v) be a
choice of center from Definition . Then A(W) is uniquely defined and strictly positive, and
a(W) is well-defined. For all (b, ) € RY x (0,00) we have

(Wb, 1)) = \(W). and [a (Wb, u]) — b — a(W)u| < 27(W) (2.1)

Proof. Since E(W; B(0,R)) — E(W) as R — oo, it follows that the scale A\(W) is well-defined.
If \(W) = 0, then there exists a,, € R? so that for n > 1 we have

E(W; B(an,1/n)) > E(W) — 7. (2.2)
If n # m, the B(ay,1/n) N B(am,1/m) = 0. Indeed, otherwise
E(W) > E(W; B(an, 1/n)) + E(W; B(am, 1/m)) > 2E(W) — 27

whence E(W) < 2yy < FE, which contradicts that W is non-zero. Therefore, {a,}%; is a
Cauchy sequence in R?, and a,, — as. Passing to the limit in (2.2) gives a contradiction. To
see that the center a(W) is well-defined, take A, — A(W) and a,, € R? such that

E(W; B(an, An)) > E(W) — 0.

As before, we conclude that no two disks {B(an, A\n)}52; can be disjoint. Thus, the sequence
an € R? lies in a compact set and we may assume that a,, = @, as n — oo, which is the desired
center. We note that A(W) is uniquely defined, but a(W) is defined only up to a distance of
2A(W). The properties are immediate from the definitions. O

Lemma 2.2 (Decay of stationary solutions). There exists vo € (0, E./2) with the following
property. For any 0 < v < v and any non-zero stationary solution W : R® — R the exterior
energy decays at the following rate:

BB Bla(W:7); RXW, ) < 7o

for all R > 1 with constant C = C(d,W) > 0.

Proof. Without loss of generality, assume that a(W;7) = 0 and A\(W;v) = 1. Then using
Lemma 2.1 in [Pre24] we get precise asymptotics of |VIW|, which implies the desired estimate
since

rd=1 1

9 (o]
IVIWW|*dz < /R T dr < =t

E(W:R?\ B(0; R)) :/

B(0,R)¢
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Lemma 2.3 (Energy of multi-bubbles). Let (yn, pn, M) € R? x (0,00) x N. Let {W1,..., W}
be a collection of non-zero stationary solutions, and for each j € {1,...,M} let (b, finj) €
B(Yn, pn) % (0,00) be sequences such that

1 M
: fng | Pk | |bng — bn,k\> Lin.j
lim + + + - =0. 2.3
n—oo []; (Nn,k Hn,j Un,j ; dlSt(an, OB(yn, pn)) (2:3)

Then

lim E<W(W1[bn,la,un,l]a--- 7WM[bn,M’/‘I’TL,M]) ympn ) ZE

n—o0

Proof. To simplify the notation within the proof, we use the shorthand Wn,j = Wi[bn.j, tin,;] for
each 1 < 57 < M. Expanding the energy, we obtain

EWWoui,. ., Wanr); BWn, pn)) ZE Wi B(Yn, pn)) + 22/ (VW - VW, i)d.
j#k Y Blyn.pn)

By the asymptotic orthogonality of the parameters in -, Lemma and the invariance of

the H' norm under translation and rescaling we get

E(Wh.j: B(yn, pn)) = E(Wn ) + on(1) = E(W;) + 0a(1)
as n — 0o0. On the other hand, if j # k, then

‘/ )(vwn,j-vwn,k)dx‘ < /|VWn7j||VWn7k|dx = 0n(1)
Yn,Pn

by (2.3)). Combining the above two displays, we get the desired energy expansion. [l

2.2. Local well-posedness of the nonlinear heat flow. Following the ideas of Struwe [Str85],
we develop a local well-posedness theory that is well adapted to the bubbling analysis, which
we will carry out later. We first define the function space on which we develop the local well-
posedness theory in the space of finite energy solutions:

yIM . — {u . [7,T] x R — R | u is measurable, and

T
[ 0@ + V(o) dt < oc, sup B(u(®) < M)
T te[r,T)

: T,M . . . .
For convenience, we denote VI'M = V" . The main theorem in this section is as follows:

Theorem 2.4 (Local well-posedness). Let ug € H'. Then, there exist a mazimal time of
existence Ty = T (ug) and a unique solution w € [Ny g, VM 1o with uw(0) = ug for
some M = M (ug) > 0 that depends on the initial data ug. The finite mazimal time T < 0o is
characterized by the existence of an integer L > 1, a number g > 0, and points {xg}le c R4
such that
limsup E(u(t); B(ze, R)) > €9, VR>0, V1<{<L.
t—T4
Assume that we are in the type-1I regime, i.e.

limsup E(u(t)) < C; < +00
t—T

then the collection of bubbling points {xé}ngl C R% is finite. There exists a finite energy mapping
u* : RY — R such that u(t) — u* as t — Ty weakly in H'(R?) and strongly in H*(RI\ {z,}L_)).
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The nonlinear energy E(u(t)) is continuous and non-increasing as a function of t € [0,T4), and
for any t; <ty €[0,T4), there holds

E(U(7fz))+/2 1T (u(®))]|72 dt = E(u(t)).

t1

In particular,

T+ B B )
/0 1T (u@)F2dt S sup (E(u(t)) + E(u(t)*/?) < +oo.

te[0,T]

In this section, we prove some preliminary estimates that will be needed in proving Theorem
B4l We start with an estimate to control the nonlinear term.

Lemma 2.5. For anyu € H'(RNNH?(R?) and any smooth cut-off function ¢ € C°(B(x,2R)),
we have

_ 1 =
/ lu|?Pp?dx < E(u; B(z, QR))ﬁ (/ |D?ul?¢? dz + —5 E(u; B(x, ZR)))
R supp ¢ R
where the constant in the above inequality only depends on the dimension d.
Proof. By the Gagliardo—Nirenberg—Sobolev inequality, we have
2 ay S 1Dl G2 gy | Vull o (e

where 0 = d+2 Localizing this estimate by using a smooth cut-off function ¢ € C°(B(z,2R))
with ¢ = 1 on B(z, R) with |V¢| < CR™! and using Hardy’s inequality, we have

[ 17 S 10200 e |V a0

< B(u; Be,2R)) 7= ( / D+ Bl Bz, 2R>>>
supp

Next, we will need some energy estimates to propagate energy at short time scales.

Lemma 2.6. Let u € V"M be a solution of (I.1)). Consider I C [0,T) and ¢ € C°(RY). Then,
for any t1,to € I and t1 < to we have

Ey(u(ts)) — E / " ompe -2 / . / (V- Vo) ooy, (2.4)

t1

Rd
By(ult2) = Botu(tn)) = =2 [ [ @upe?+2 [ [ jupuoe?

—4/t2/ Vu - V)pou. (2.5)
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Furthermore, we have the following estimates:

to
|Ep(u(te)) — Eg(u(tr) |</ / (Opu)?p?dxdt
1/2

+2</t2/ o) ¢2dxdt)1/2 </t:2/Rd|Vu]2|V¢2dxdt> ,(2.6)

to
|Eg(u(tz)) — Eg(u(tr))] <2 / / (Opu)?p*ddt

+ < /t . / d|u]2p¢2dxdt> v ( / N / (D) ¢2d:cdt>
+4</t2/ (Opu)? 2dxdt>1/2 </t1 /Rd|Vu]2|V¢2dxdt>l/2 (2.7)

By(ulte) = Bofu(t)) <4 [ [ [VuP(vodaat

1/2

1/2

to 1/2 to
2 </ / |u|2p¢2dxdt> / / (Dpu)? 2dazd15> . (2.8)
t1 R4

(
Ey(u(tz)) — Eg(u(tr)) <2 </: \U!2p¢2dxdt> 1/ /tQ/ (Or) ¢2dxdt> 1/2

? 1/2 2 1/2
t1 JRA
to
Ey(u(t2)) — Eg(u(tr)) §4/t1 /Rd !u\2p¢2dxdt+4/tl /Rd Vul2|V[2dadt. (2.10)

Proof. The first identity (2.4 . follows from

t2 to
[, fuetutnatast= [ ] (9u- Vo —utudw) e
d

to
/ / (div(Vudyu) — (Au + |ulP~ u)dpu) p*dadt

to to
/ (Opu)?p*dzdt — 2 / / (Vu - Vo)pdyudadt.
t1 Rd

The identity (2.5)) can be derived similarly. The remaining inequalities (2.6 , , and (| .
follow by apphcatlons of Cauchy-Schwarz and Young’s inequality.

Lemma 2.7. For any solution u € VI'"M of (1)) we have
T
/ Ol dedt < E(ug) — E(u(T)) < CyM + Cy M5
0 JRd
where C1,Co > 0 are constants depending only on the dimension d.

Proof. Multiplying ([1.1)) by dyu and integrating by parts, we get

B(T) + [ 10wl = EQu(0)).

IxRd



12 SHREY ARYAN

Thus, in the interval I = [0, 7] using Sobolev inequality we have,
| Joal? < B@() - B@(D) < 01 + Cob™F
IxR4

where C1,Cy > 0 are constants depending only on the dimension d. O
As a consequence, we have the following energy estimates

Corollary 2.8. If u is a smooth solution to (L.1) on B(x,2R) x [0,T], then

AT

—
+ RQ)Mx,QR

T
+CMPS, / / |D?u?¢? dzdt +
’ T JRd

E(u(T), Bz, R)) < E(u(r), B(x,2R))

(T —7)
R2
where C' > 0 is a dimension dependent constant and M or := sup,c(o 1] E(u(t); Bag(z)).

Proof. Using (2.10)) with ¢ € C°(B(x,2R)), we get for any 7 € [0,T)

P
M:L" 2R

T
= n -1 (T —7)
Eg(u(T)) < Eg(u(r)) + CM(f,QR/T /Rd |D?u|?¢? dzdt + 2 M} o
4M, 2R
RIZ (T — 7).
where we used Lemma to control the nonlinear term. Removing the cut-off terms in the
above estimate gives the desired inequality. O

Lemma 2.9. There exists €1 > 0 such that the following holds. Let u € VIM be a4 smooth
solution of (1.1) on the domain B(x,2R) x [1,T]. If

sup E (u(t), B(z,2R)) < &
T<t<T

then we have

T 2 T 2 T—71
/ / | D?u ¢2dxdt+/ / |Opul” ¢*dadt < Cey (1+ 5 )
T JR4 T JR4 R

where the constant C > 0 depends only on the dimension d.

Proof. Suppose
sup E (u(t), B(z,2R)) < €1,

T<t<T
where £1 will be chosen later. Then from with a smooth cut-off function ¢ € C°(B(z,2R))
yields
T
[ ot < Bt + s+ g [l asar
R "R (2,2R)
< C€1 <1 + TR2T> 5

where in the last inequality we used the Sobolev inequality to bound the first two terms and we
choose 0 < 7 < 1. Furthermore, integration by parts implies

T T
/ / }DZU\%Z dzdt < C/ / |Aul?¢? dzdt + / / |Vu|* dadt
T JB(z,2R) B(z,2R) supp ¢

§C’/ / |Aul?¢? dxdt—l—Csl
B(z,2R)
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Testing the nonlinear heat equation (I.1)) by ¢?Au we get

T T T
/ / *|Aul? dedt < 01/ / ¢*|0pul* dadt + CQ/ / ¢*|u|* dxdt
T JB(z,2R) 7 JB(z,2R) T JB(z,2R)

where C,Cy > 0 are some constants independent of d, M, R,7 and T. Then Lemma implies

that
T T -
/ / ¢*|u* dadt < O / / |D?u|” ¢ dadt + L;a :
T JB(z,2R) T JB(z,2R) R

Thus, we get

T T _
/ / ‘D2u‘2q§2 SC&:}I’_I/ / |D2u‘2¢2+0z€f <1+T 2T>
7 JB(x,2R) 7 JB(z,2R) R

Therefore, if Cazf_l < 1/2, then we can absorb the first term and complete the proof. O

Lemma 2.10. There exists €1 > 0 such that the following holds. For a smooth solution u of
[L.1) on B(z,2R) x [T — 26R?,T] for some § € (0,1), if

sup  E(u(t), B(x,2R)) < &1
T—25R2<t<T

then, for any t € [T —6R?, T] , we have

1
/ |D%u(t)[? dx+/ Dru(t)? dr < C51 <1+ )
B(z,R) B(z,R) R 0

Proof. Let 1 be the same as in Lemma [2.9] and suppose that u satisfies

sup B (u(t),B(z,2R)) < e1.
T—25R2<t<T

Suppose ¢ € C° (B(z,2R)) be a smooth cut-off function. Then differentiating (L.1)) with respect
to t yields

Ou = Adyu + plulP 1 oyu.
Multiplying the above display with ¥?0,u and integrating over R? gives

d
pn \8tu| dex—/ 8tuA8tuz/J2dx+p/ V2 0pu?JulP~ da

— / IVou)? ?dx — / Vo - Vpoyupd
Rd ]Rd

+p/ 2| 0pul?|ulPde,
Rd

where we use integration by parts for the last step. By applying Young’s inequality to various
terms, we have

1
2dt/ |Byul? de:r+/ IVoul? p2dz < 0/ |Bpul? |V 2z + 2/ IVoul? ? dz
d
+ c/ Oyl |ulP~L2da,
R4
for some constant C' > 0 that depend on the dimension d. Therefore, we have

;/ Oy’ 1/12dx+/ Vorul? 1/;2dx<C’/ 1Oyu? \V¢|2dx+0/ Oyl |uP12dz. (2.11)
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Now, using Holder’s inequality, we estimate the last term of the above inequality to get

2 d
T2 (d+2) T2
/ |Bpul? [ulP~1y? da < </ |u|?P dw) </ \8tu¢|2 T da:)
R4 supp ¢ R4

with exponents o = % =2 and g = 2p %2. By Gagliardo-Nirenberg—Sobolev inequality,

P+l
for any f € C>°(R%) we have

112 (ge) < CIDAN sy 11520

_d_ 0 1-0
2(d+2) a+3
(/ Dy dm) <c</ (Voule? + [Vol210ul?) dx) (/ Drul2lof? dm) -
R4 Rd Rd

Hence, using Young’s inequality, for any n € (0,1), we have

L, 1ol =12 s

_2 _2 _d_
<c ( [ d:v) ( [ iawrlor dx) ( [vouPa? + (9uriaur) dx)
supp ¥

C
<[ e [ o et desn [ VO e doty [ 0P V0P da
N Jsupp R4 R4 R4

By taking sufficiently small 1, we can absorb the integral [z, [VOuul ? term from (2.11) to get
the following differential inequality

d
/ Byul? 2 dxgcl/ u[2? dm-/ Oyl 42 d:r:+02/ Oul? |V 2 dz
dt R4 Suppw R4 R4

for some dimension dependent constants C1,Cy > 0. If we solve this differential inequality on
the interval [to,t] C [T — 26R?, T, we obtain

/ Bu(t)]? ¥? da
Rd

t t
< exp (ol/ / 22 dwdt) </ 100 (t0)|* 2 dm—l—C/ / Ou(t)]? [V dxdt)
to J/supp R4 to JR?

Using Lemma with ¢ € C* (B(z,2R)) be a smooth cut-off function such that ¢ = 1 on
B(z,3R/2) along with Lemma we get

t t t
/ / |u|? dzdt < / / |u|?P dzdt < / |u|?P¢? dadt
to J/supp ¢ to Y B3p/2 to J/supp ¢
4

= t—1t t—t
<ep? <C€1 <1—|— Rzo) + ( R20)€1> < Cel.

Therefore, if we pick €] < 1 small enough then it follows from that
t
/ ()22 do g/ 1Oy (t0) 2 2 dx—i—C’/ / Opul? | V|2 dadt.
R Rd to JRI

For any t € [T —0R?, T], we can choose ty € [t — 0R?, t] such that

/|8tu(t0)|2¢2dx: min /\8tu(s)]2¢2da:.
R4 R4

SE[t—FR2 t]
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Then from Lemma implies that for t € [T — 0R?, T],

t
/ Ou)?¢? dz < inf 1Opu(s)[2 02 da + C [ 1ol |V dzat
s€[t—0R2t] JRd t—3R2

< 2/ / 1Bpu(s))? ¢? dadt + — / / Oyul?* dadt
OR? Ji—sr2 Jrd t—5R2 B(xSR/Q

<2 1+6—R2 S 1+(5R2 <yt
= SR? rR?) TR Rz )1 = Re 5
Therefore, we have

1
/ |0pu(t)| d:n</ By (t)]* ? da ch; (1+>, Vt € [T — 0R?,T].
B(z,R) R o

In order to estimate fRd ‘DQU‘ Y? dz, we start with

/ ‘DQ ’ P2 dx<C/ |Au(t)|?? dz + C;/ (Vu(t)]? dz
B2 Jsuppw

C
<C/ | Au(t)] 2?2 dz + p3e1

<0/ Opu(t ]¢2dx+0/ (@) do + Ze

R2°!
051 2 2
< —_—= _ P .
< (1 + 5) + C’/Rd |u(t)|*Py* dz

Then by Lemma we have

/ u()|Py? dz < Cep ! ( / |D?u(t)|” v? do + Rz)
R4 R4

and therefore, if we assume that ng—l is small enough, then we have
C 1
/ | Du(t)[” d:cg/ |D2u(t)|* 42 de < == <1+>, Vt € [T —5R?T).
B d R2 (5
(z,R) R
O

Lemma 2.11. There exists €1 > 0 such that if u is a smooth solution to (1.1) on B(z,2R) X
[T —26R?,T| and

sup  E(u(t), B(z,2R)) < 1
T—25R2<t<T
then the Holder norm of u and its derivatives are uniformly bounded on B(x, R) x [T — 0R?, T]
in terms of €1,0, R. In particular, the following estimate holds:
| DDk || oo 3wy x[r—sr2. 1) < CR™HH)
for any k,1 > 0 where C' depends on 9,1, k,1,d.
Proof. From the previous Lemma we know that the L2 norm of |D?u(t)| and |0;u(t)| on
B(z, R) are uniformly bounded for any ¢ € [T —0R%T ] By the Gagliardo—Nirenberg—Sobolev
inequality we have that |u(t)|P € L? (B(x, R)). Since |Qyu(t) — Au(t)| < |u(t)[P we deduce that
[0ku(t) — Au(t)| 12(B(a, r)) is uniformly bounded on [T — 6R?,T]. Therefore,

0w — Au| € L? (B(z, R) x [T — 6R*,T)).
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Then higher regularity follows from a standard parabolic theory and a bootstrap argument. [J
The previous results allow us to prove Theorem

Proof of Theorem- We split the argument into two cases, one when ug is smooth and the
other when ug € H(R?).

First, consider the case when the initial map wug is smooth. By standard parabolic theory
(cf. [BC96, CMR17,|GR18]), we know that there is a solution u in V"™ for some T, M > 0,
where M = M(ug). Define Mp := sup,cpagcicr B (u(t), B(z,R)). If My < e for some
R > 0, then by Lemma [2.11] the Holder norm of u and its derivative are uniformly bounded and
hence u can be extended beyond the time T'. Let T' > 0 be the maximal time for which Mpr < &1
holds for some R. Then there are some points z; for which

sup E (u(t),B(z;,R)) >e1 for any R > 0.
te[0,7)

For any finite collection {xz} ", of such points and for any R > 0 for which B(z;, 2R) are disjoint
balls, we can choose t; € [r,T] such that

/ |Vu(t;)|2de > E(u(t;); B(z;, R)) > %
(z4,R)

where 7 = T — 6R? for § > 0 small enough. Then, since u € V"M we have

M > sup E(u(t)) > sup E(u(t); UF_, B(z;, R))
[0 T] [0,T7]

> Z[%u})]E B(z;, R)) > ZE B(zi, R)) > %
i=1

which implies that k < 2M . Moreover, for any compact subset K C R%\ U¥_ {z;}, there exists
R = R(K) > 0 such that

sup  E(u(t),B(x,R)) < e1.
2€K,0<t<T

Hence, by Lemma we can extend our solution smoothly beyond the time 7" on K. Therefore,
a smooth solution of exists on R? x [0, T\ {(x, T)bicy ke

Now consider the general case when the initial map ug € H'(R?). Since C°(R%) is dense in
H'(R?%), we may pick a sequence umo € C°(R%) which converges to ug in H'(R%) such that
E(umo) < 2E(ugp). For each smooth initial data w,,g, there is a solution w,, of with initial
data wm,o on VImM for some maximal values T), > 0 and some M = M (up) which is uniform
in m by the fact that E(umo) < 2E(ug). Pick R > 0 such that sup,cgs E(uo; B(z,2R)) < &
Then for m large enough, we have

sup E(umo; B(z,2R)) < 2y
z€ER 2
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By Corollary for 0 < T < min(T,,, 61 R?/(C'M)), for some large constant ¢’ = C’(d) > 0

we have

_ _ 4T
sup  E(um(t); B(z, R)) < sup E(umo; B(z,2R)) + —5 Mz 2R
z€RZ,0<t<T r€R4 R
T T
+ el / / |D?u|?¢? dedt + —5&1
T JR4 R

g1 4T« ' p T T ,
So e TOa e )t e
€1 €1
<=4+ =<
=5 + 5 =€l
for ' = C'(d) > 1 and ¢; < 1. Therefore by Lemma the Holder norm of w,, and its

derivatives are uniformly bounded independent of m and we have T, > % for all m because

of the maximality of T},,. Moreover, by taking the limit of u,, as m — oo, we can have a solution
u € VIM of (1.1]) with initial data ug, which is indeed smooth on R? x [0,T) and satisfies

sup E(u(t)) < M.
0<t<T

Now let T be the maximal time of existence of a smooth solution u to on R? x [0,T).
Then, using the above uniform energy bound and the same argument in the case when wg is
smooth, we can show that the number of singular points is finite and bounded by a constant
depending on M. O

As a consequence, we can prove the following stability result.

Lemma 2.12 (Short-time propagation of small energy). Let u(t) be a solution to with
initial data w(0) = ug € H'. Let Ty = T (ug) denote its mazimal time of existence and assume
that supycpo ) @)z < oo. Let 0 < o < 7, < T4 be two sequences of times such that
OnyTn — T4 as n — o0 and limy oo (75, — o) = 0. Let W be a stationary solution (possibly
zero) and let 7, > 0 be a sequence such that lim,, o (1, — 0)r; 2 = 0. If

lim E(u(o,) — W;B(0,2r,)) =0,

n—o0

then
lim E(u(r,) — W;B(0,r,)) = 0. (2.12)

n—oo

Nezxt, let e, > 0 be a sequence with e, < ry, for all n and such that lim, o (75, — an)&?f = 0. Let
LeN, L>1, {z}f, c R? such that the balls B(xy,e,) are disjoint and satisfy B(xy,e,) C
B(0,ry,) for eachn € N and £ € {1,...,L}. Moreover, |xy — x| > e, when £ # m. If

lim E(u(o,) — W; B(0,2r,) \ UL B(x4,,/2)) =0,

n—o0

then
nhﬁngoE(u(Tn) - W; B(07 Tn) \ Ué/:lB(xb E")) = 0. (2‘13)

Proof. We prove (2.12)). Set v(t) := u(t) — W. Then,
o — Av = |uP~tu — [W|PTIW.
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Then using the same idea as in (2.8)) with a smooth cut-off function ¢, € C>°(R%) supported on
B(0,2ry,) we get

_ _ Th — Op 1/2 Tn 1/2
Ey(v(mh)) S E(v(on); B(0,2ry,)) + (7“11) </ /Rd |Opu|*dx dt) (2.14)

Tn 1/2 Tn 1/
+ (/ / |0pu)?da dt> (/ / |u|?Pda dt)

On Rd On B(O,QT‘n)

Tn 1/2 Tn 1/2
+ </ / |8tu|2dmdt> (/ / |W|2pdmdt> :

on JR4 on JB(0,2r,)

By Lemma and and using lim,, o0 (7, — 0)7,2 = 0 we get

™ Tn— 0
/ / ulPdzdt S (1+ ") < oo as n — 0.
on JB(0,2ry) T%

Next, using the decay of any stationary solution W from Lemma 2.1 in [Pre24] and lim,, o (7, —
on) =0 we get

2

Tn
/ / W |*Pdz dt < (15, — o) — 0, as n — oo.
on JB(0,2ry,)

Finally, using the energy identity (/1.3))

Tn T+
/ / |0pu)?da dt < / / |Oyul?dz dt — 0, as n — oco.
on JRA on Rd

This shows that all the error terms in are asymptotically small, and thus the smallness
of the energy E(v(c,); B(0,2r,)) can be transferred to the smallness of E(v(7y,); B(0,7,)) by
using the fact that ¢ =1 on B(0,r,).

The proof of starts with but uses a different cut-off function, which is supported on
B(0,2r,) \ UL, B(x¢,e,/2) such that ¢, = 1 on the region B(0,7,) \ UL B(xy,e,), satisfying
the bound |Vé,| < &,t. Then, one can control the error terms following the same reasoning as
above. O

2.3. Concentration properties of the heat flow. The goal of this section is to establish a
crucial fact that energy cannot concentrate outside the self-similar scale, which is expected in
type-1I blowup scenario. Similar results are known for many other PDEs, for instance, energy-
critical nonlinear wave equation [DJKM]|, wave maps |[CTZ93,STZ92|, and harmonic map heat
flow [JLS25]. Due to the lack of finite speed of propagation, we cannot use the techniques
developed for hyperbolic equations, while the lack of a coercive energy for the energy-critical
heat flow prevents us from using the arguments developed for the harmonic map heat flow
when T} = oco.

Lemma 2.13 (No self-similar nonlinear energy concentration in the finite-time blowup case).
Let u(t) be a solution of (L.1)) with initial data ug € H' such that the mazimal time of existence
Ty = T4 (up) < 0o and supycpo r,) E(u(t)) < oo. Let g € S be a singular point as in (?7) and
let r > 0 be sufficiently small such that B(xg,r) N (S \ {xo}) = 0. Then

lim E(u(t); Blwo, ) \ Blro, ay/Ts — ) = B(u’; B(ao, ) (2.15)

t—Ty
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for any o« > 0. Here, u* denotes the weak limit of the flow, i.e. u(t) — u* ast — T4. In
particular, there exist Ty < T and functions v,§ : [Ty, Ty) — (0,00) such that limy_,7 (v(t) +
&(t)) = 0 and the following hold

&%(%+“f@)— Y =0, lim Blult); Blao,v(t) \ Blao.€(t) =0 (2.16)

Proof. Consider a smooth radial cut-off function ¢ € C°(B(xo,2r2) \ B(zo,71/2)) such that
¢ =1 on B(xg,72) \ B(zp,r1) and ¢ = 0 outside B(xq,2r2) \ B(xg,r1/2) for any 0 < r < 79.
Using (2.5)), Lemma and Lemma we see that for each 0 < s < 7 < Ty we have,

)E¢>(U(T))—E¢>(U(s))‘ g/ST/Rd(atu)%QJr </:/Rd |u’2p¢2>1/z (/ST /Rd(c‘)tu)%?)m
ra(f [ owre) N ([ [, wurrwer) -

Ty Ty T, —s 1/2 | Ty
5 / H@tu\\%zdt—l— / H@tu|]%2dt+ <+7"1) / Hatu]%th
)

|
(2.17

Let s — T4, then the above estimate implies that lim,_,1, Eg(u(s)) exists. Now observe that
for some 7’ such that 0 < ¢’ < & < r; we have

Bou(r) = Butu) = [ (elu) — ()6

Since u(t) — u* strongly in HL _(R?\S), the RHS in the above display tends to zero as 7 — T}.
Thus, choosing 71 = a(Ty — 5)'/2 and ry = A(T} — s)/? in the definition of the cut-off function
¢, where 0 < a < A and sending 7 — T’y in (2.17) we get

_ _ Ty ) Ty ) 1 Ty )
[Bota’) ~ Eslulo)| S [ 1o®lBade | [ lowlaae+ ) [ foruae.

Therefore

lim Ey(u(s)) = 0. (2.18)

8*>T+
If, instead we set r; = (T — s)'/2 and 7y = r in the definition of the cut-off function ¢ where
r > 0 is small enough such that B(zg,r) does not contain any other bubbling point, then we
have

_ _ T4 ) T 1 T
[Bota’) - Eolulo)| S [ 100l de | [ lowulude+ ) [ forulae.

Therefore, we have

lim |Eg(u*) — Eg(u(s))]| = 0. (2.19)

S—>T+
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Denote A(s) = {x € R? : ay/T} —5/2 < |v — 29| < a/T} —s} and A(r) = {z € R? : r <

|z — 20| < 2r} then if
By(u(s)); Blao, ) \ Blzo, ay/Ts —5)) — B(u"; B(zo, 7))

Bolu(s)) ~ Bolu) — [ eluls)dr+ [ olu)o?dr - B Blao,ay/Ty —9)
{p#1} {p#1}

= Bo(u(s)) = By(u) = [  eluegar - /. el
[ ew)ddr s [ ew)dtde — B(u'i Blao,a/Tr ),
A(r) A(s)
which implies that
’E(u(s); B(zo,7) \ B(ao, ar/Ts —s)) — E(u*; B(xo,r))(
S| Es(uls)) — Eg(u)| + Ex(u(s); B(zo, an/Ty — s) \ B(wo, /T4 — 5/2))

—e(u(s)))dz| .

+ E(u*; B(xo, /Ty — )

By (2.19)), (2.18), and strong convergence of u(t) to u* in Hloc(Rd \ &), we see that each term
above tends to zero as s — 7. Thus,

lir%l E(u(s); B(zo,7) \ B(zo,a/Ty — 5)) = E(u*; B(xg,7)).

S—l4

This completes the proof of (2.15). One can easily construct the curves v and £ such that the
first equation in (2.16|) holds. This, along with (2.15]), implies the second equation in (2.16]). O

To show the vanishing of the energy outside the self-similar scale in the global in time case, we
follow the same argument as in the finite time blowup case.

Lemma 2.14 (Nonlinear energy dissipation in the global case). Let u(t) be the solution to
with initial data ug € H', Ty = T (ug) = oo and finite energy sup;>o E(u(t)) < oo. Then for
any y € R* and any o > 0 we have

lim E(u(t); R\ By, avi)) =

t—>T+

Proof. Let € > 0 be small enough. Then we can find Ty = Ty(e) > 0 such that

00 Lo 1/2
(/ / \(%u]zdxdt) <e.
To Jo

Next, choose T} > T so that for all T' > T}
E(u(To); R\ B(y,avVT/4)) <e.

Fix any such T' > T1. Let ¢(z) = 1 —x(|z —y|/a/T) where x € C2°(B(0,2)) is a smooth cut-off
function. Then using (2.8), |[Vé|> < T~!, Lemma [2.5| and we see that

Ey(u(T)) < Ey(u(Tp)) + 2 </TOT /Rd |u‘2p¢2>1/2 (/TOT /Rd(af“)%Q)l/Q
i </TOT Rd(atu)2¢z>l/2 </TOT /Rd \vuy2‘v¢,2>m

<e+ Ce < Cqe,
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for some constant C; that depends on o > 0 and sup;> E(u(t)) < co. Therefore, we get
lim E4(u(T)) =0
i By(u(T) =0,
which implies the desired result. O

2.4. Sequential Compactness. In this section, we establish an elliptic compactness Theorem
for Palais-Smale sequences for critical points associated to the equation . This result is
quite classical with connections to concentration-compactness in analysis [Str84] and the Yamabe
problem in differential geometry [BM10].

Theorem 2.15 (Elliptic Bubbling). Let u;, : RY — R be a sequence of functions in H' such
that

limsup/ \Vug|> < oo,  lim pgl|Aug + [ug P~ ug 2 = 0
k—oo JRE k=00

for some sequence py, € (0,00). Then given any sequence yj, € R?, there exist a stationary solution
Uoo € HY (possibly trivial), an integer m € N, a constant C > 0, a sequence Ry, — 00, a collection
of elliptic solutions W1, ..., Wy, each equipped with translation parameters {:L‘z,};”:l € B(yg, Cpr)

and scales {)\ 1 € (0,00) such that

lim E(uj — oo — ZW a:k, B(yk, Ripr))

k—oo

)\] )\J |x§:—xi|2 -
TN

J#3

(2.20)

+Zd N =0

7 dist( a:k, 0B (yk, Cpr))

Denote

= {z € R?: lim inf lim lup[PHde > &},
koo 20BN By, Cox)

for some & = &(n). Then S = {z*,...,2'}, where | < m. Furthermore,

we(Yr + pr-) = oo weakly in H'(B(0,C)) (2.21)
up(Yk + pr+) = Uso Strongly in W’li’f(B(O, )\ S). '

For eachi € {1,...,m} there exists a finite set of points S;, possibly empty and with card(S;) <
m, such that

up(xh, + Ny-) — W; strongly in VVl 2RI\ S; ) (2.22)
Finally, there exists a non-negative real number K > 0 so that
lim E(ug; B(yr, Ripr)) = K . (2.23)
k—o0

Remark 2.16. The above Theorem is similar in spirit to Theorem 1.1 in [Top04] for almost
harmonic maps from S? — S?. The key difficulty in establishing the above theorem stems from
the fact that the natural energy associated with does not have a definite sign. Note that,
unlike in the harmonic map case, we cannot expect to obtain L> neck-estimates since W22(R%)
does not embed into C°(R?) when d > 4. Lastly, observe that as a consequence of the above
theorem, we have lim,, o0 6 (un; B(yn, Enpn)) = 0 for any sequence 1 < R, < R,.
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Proof. See Sections 2 and 3 in |[Dul3|, where this argument has been carried out for u; > 0 on
bounded domains. However, the same argument can be repeated for sign—changing functions
ur on R?  The main difference is that the bubbles W; arising from the blow-up argument
are not necessarily positive solutions of . We briefly sketch the argument for the reader’s
convenience.

Step 1. Sequential Bubbling. By scaling and translational invariance, we can assume that
pr = 1 and yi = 0. Denote the set of blowup points for the sequence

S = {z e R?: lim lim inf

/ g [P+ d > &),
=0 k—=oo JB(zr)NB(0,0)

where we will fix the constant C' > 0 later and £ = &(n) > 0 is a positive constant that appears in

the e-regularity Theorem 2.1 proved in [Dul3], which says that fB(O ") luPt! < e(n) implies that
fB(O 5) |Vul? < C for small 6 € (0,1) and some constant Cp > 0. Since supyey fga |[Vug|* < oo,
by choosing r > 0 small enough such that B(z%, r) N B(a/,r) = () for i # j, a standard covering
argument implies that S = {z',..., 2™} for some finite N € N, and 2 € R% for 1 < i < N.
We can choose C' in the definition of § small enough such that S consists of a singleton, i.e.,
S = {z'}.

Step 1.1. Extracting the first bubble. Fix z € B(z!,r) N B(0,C) and let ry := ri(x) be the
unique radius depending on x such that

/ lug [P de = =
B(z,r)NB(0,0) 2

Let ; € B(z!,r) N B(0,C) be the point where ry(z) attains its minimum. Then define A} =
i (z}). Thus we have a blowup sequence, A}, — 0 and z}, — z! as k — oo such that

/ |ug [P da =
B(z},A})

N |

Re-scaling the function uy,
g (x) = (NP V(N + )
and using the e-regularity proved in Theorem 2.1 in [Dul3] we see that since
Ay + [l s = (V)77 (D + P ),

L (RY) where Wy solves (T.4) either on R or R depending on

whether x} lies in the interior of the domain B(z!,r) N B(0,C) or on its boundary. The latter
can be ruled out by showing

the sequence 7, — W, in H}

Ak
dist(z, 8B(0, C))

—0, k>

1
which can be done by a contradiction argument that involves assuming m —c €
k> )

(0,00], k — oo and showing that this gives rise to a solution of on the half-space which is
known to be trivial by Pohozaev’s identity. For more details, see page. 162, Section 3 in [Dul3]
or the proof of Proposition 2.1 in [Str84].

Step 1.2. Consider the re-normalized sequence

or(z) = up(z) — Walap, AL (2).
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If vy, converges (up to subsequence) strongly to us in H'(B(z1,7) N B(0,C)) then we are done.
Otherwise, as in Step 1.1, we can find scales )\z — 0 and centers .T% — ! such that

£
/ ol = = (2.24)
B(x2,A2)

for some constant 0 < &1 < &. We first claim that
2 1 2

ﬁ }xk - xk‘

1 1 2

AL A+ A%

since otherwise there exists some constant M > 0 such that

— 00, as k — oo,

1 2
/\j “rk - $k|
1 1 2
A AL+ AL
This, in turn, would imply that

/ ’vk’p+1dx < / ‘ﬁk - W ’p—HdJ? < / "l]k - Wh ’p—de —0
B(a},7) B((x3—x}) /A A /AL) B(0,M)

as k — oo which contradicts the energy concentration in . The next subtle point here is
to show that no energy is lost between the neck-region connecting the new bubble Wy and the
previous bubble W;. This has been done in Section 4 [Dul3| and therefore at the end of this
step we get,

<M, ask— oo.

Uk — W1 [x,lc, )\llﬁ] — WQ[.’E%, )\z] —0

strongly in H'(B(z', LAL) N B(z!', LA})) for any L > 0.

Step 1.3. Iterate and conclude. One can then iterate this process finitely many times to extract
the bubble tree as desired with asymptotically orthogonal parameters as in the second display
in .

Step 2. Convergence results. The existence of the weak limit in follows from the fact
that g is a bounded sequence of H! functions. The strong convergence in I/Vlif away from the
blowup points follows from the e-regularity result from Theorem 2.1 in [Dul3|. Thus, us is a
smooth stationary solution of away from a finite set of points. Then the standard removable
singularity theorem, see for instance [CGS89, Lemma 2.1], implies that u, is a smooth solution
of on R%. The strong convergence in follows from the definition of the blow-up
parameters (x}, A}) and e-regularity from Theorem 2.1 in [Dul3].

Step 3. Energy almost-quantization. The bubble tree convergence and the no-neck property
established in Section 4 of [Dul3] imply the energy identity

k—o0

lim E(ug; B(0, Ripx)) = Y E(W;).
j=1

Since E(W;) > E. and we know that
klim E(uy; B(0, Rppr)) > mE,.
—00

Furthermore, E;n:l E(W;) < C since the sequence uy, has finite energy. Therefore, we can find

a non-negative real number between m and less than or equal to C;/E, such that, up to passing
to a subsequence, there exists a non-negative real number K > m satisfying

lim E(uk, B(O, Rk)> = KE*
k—oo

as desired. ]
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3. ANALYSIS OF COLLISION INTERVALS

For convenience, in this section, we let u(t) be a solution of , with initial data uy € H?!,
defined on the maximal time interval I, = [0,7) where T} < oo in the finite time blow-up
case and Ty = oo in the global case. We will also assume that C’ = supc(o 1) E(u(t)) < oo.
Let 0 < 709 < 1 be such that Lemma [2.2] holds. We fix this choice of 7y and drop the subscript
7o from d,, and d,, and from the notation for the scale and center of a stationary solution W,
in particular \(W) = A(W;~p) and a(W) = a(W;~p). Our goal in this section is to introduce
the notion of collision intervals and show that if Theorem fails, then these intervals have a
nontrivial length.

Definition 3.1 (Collision Interval). Let K € R, be the smallest positive real number with the
following properties. There exist sequences of centers and scales (Y, pn,en) € R? x (0,00)2,
sequences of times o, 7, € (0,71) and small (but fixed) n > 0, satisfying £, — 0, 0 < 0, <
T < T4y, o, 7 — T4, such that

(1) 0(u(on); B(yn, pn)) < en;
(2 }S w(Tn); B(Yns pn)) > 1
t

(3 ; e interval I, := [0, 7] satisfies |I,,] < &,02;
(4) K :=limy oo E(u(02); B(Yn, pn))/ Es-

Then the intervals [o,,7,] are called collision intervals associated to the energy level K and
the parameters (yn, pn,€n,n). We can conveniently package this information in the following
notation [0y, 7] € Cx (Yn, PnsEn, N)-

Remark 3.2. By Definition and item (1) in Definition we can associate to each
sequence of collision intervals [0y, 7] € Ck(Yn,pn,en,n) a sequence (&n,v) € (0,00)% with
lim,,— o0 (E—: + p—”) = 0 such that

Un

lim E(u(on); B(yn, 2va) \ B(yn, 27 €0)) = 0. (3.1)
n—oo
Using item (3) in Definition also allows us to assume that
|In| =Tn —0p K fr% (32)
Using Lemma with (3.1) and (3.2), we get
lim  sup E(u(t); B(Yn,vn) \ B(Yn,&)) = 0. (3.3)

n—oo te [0'71 7Tn]

The same argument works if we either enlarge §, or shrink v, in the sense that we can replace
(§n>vn) By (&, n) Where &, < & < pn K Uy L Vg
Lemma 3.3 (Existence of K > 1). If Theorem is false, then K is well-defined with K > 1.

Proof. Assume that Theorem is false. Then there exist n > 0, sequences 7, — T, yn € R,
pn € (0,00) where p, < /T — 7, when Ty < oo and p, < /7, when Ty = oo and sequences
apn, — 0 and B, — oo such that for all n € N we have

O(u(7n); B(Yn, pn)) = 1, nl;rgloE(u(Tn), B(Yn, Bnpn) \ B(Yn> anpn)) = 0.

The existence of the sequences «;, and 3, follows from Lemma [2.13] or Lemma when

Pn = VIY —Tp OF pn =~ /Ty

Next, we can find a sequence o, such that o, < 7, on, T — T, |[on, Ta]| < p2 and

Tim_pp[|0ru(on) |72 = 0.
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To see this, assume to the contrary. Then there exist constants c¢,cy > 0 such that up to a
subsequence we have

prlldeu(t)72 > co,

for all t € [, — cp2, 7,]). However, this yields a contradiction since u(t) has finite energy, and
therefore by the energy identity (|1.3]) we have

T+ Tn Tn
00 > / / |0pu(t)|?dadt > Z/ / |Ou(t)Pdzdt > ¢ Z/ pr2dt = oco.
0 R4 n JTh—cp? JRE n JTh—cpd

Using (2.7)), with ¢, = op, ta = 7, cut-off function ¢ € C°(B(yn, Bnpn) \ B(Yn, anprn)) and
showing that the error terms vanish as in the proof of Lemma [2.12] we get

nlgrolo E(u(an)i B(yn, 2_1/8npn) \ B(Yn, 2anpn)) = 0. (3-4)

Applying the sequential bubbling Theorem to u(oy,), we obtain a bubble tree decomposi-
tion (2.20)) along some subsequence of o, and for some sequence R,, — co. Since energy vanishes
in the neck region (3.4)), we see that

lim §(u(on); B(Yn, pn)) = 0.

n—o0

By Lemma [2.3| we can find K > 0 such that

= VoL

Thus, we have verified all the items in the Definition for the interval [0, 75,], which shows
that K is well defined and that K > 0.

To see that K > 1, we argue by contradiction. Suppose K = 0. Let &,,v, be sequences
as in Remark Then, since K = 0, we get lim, o0 E(u(02); B(Yn, pn)) < Ei. This im-
plies that u(o,) cannot be close to any non-trivial multi-bubble configuration since any non-
trivial bubble carries at least energy E,. Therefore, by item (1) in Definition we get
limy, 00 E(u(0n); B(yn, pn)) = 0. Therefore, using |[oy,, pn]| < p2, Lemma and equation
(13.4) we can propagate this smallness of energy at time ¢ = o, to time ¢t = 7, to get that

E(u(tn); B(Yn, pn)) = 0n(1),
which contradicts item (2) in Definition Thus K > 1. O

K

For the remainder of this section, assume that Theorem is false. We will show that this
implies a nontrivial lower bound on the length of the collision intervals. Let K > 1 be as in

Lemma and [0y, 7] € Cx (Yn, Py En, M), where
yn € R pp € (0,00), 60 = 0,7 > 0,0 < 0p < 7n < Tyyon — T, — Ty

are parameters that satisfy the requirements of Definition [3.1] We first prove a very general
lower bound on the size of the intervals where the solution is initially close and later far from a
multi-bubble configuration. We will call these bad intervals.

Lemma 3.4 (Lower bound on the length of bad intervals). There exists ng > 0 such that for
all n € (0,m0), there exist constants €,co > 0 such that the following holds: let [0, 7] C [on, )
be any subset such that

0(u(o); B(yn, pn)) <&, 6(u(7); B(Yn,pn)) = 1,
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let W = (W1,..., W) be any collection of non-constant stationary solutions, V = (v, vy, .. ., I/ﬁ €
1.4

(0,00)MH1 &= (£,¢1,...,&m) € (0,00)M T any admissible vectors in the sense of Definition
such that

e < d(u(o), W(W); B(yn, pn); 7, ) < 2.
Then

2

T—02> Coje{rlff.z.i.},{M} A(Wj)=.
Remark 3.5 (Proof Sketch). Since the proof of Lemmais quite involved, we give a summary
of the key ideas. As usual, we will argue by contradiction. Thus, there exists a sequence of
intervals [s,,tn] C [om,n] such that [[s,,tn]| < A2, The idea then is to contradict the
minimality of K > 1 since size of the interval [s,,t,] is too short compared to the scale Amaxn
implying that the collisions are captured on small balls B(y.,, p\,) C B(yn, prn) with p), < p,. As
we do not see the large scales Amax,n in these small balls B(y,,, pl,), we deduce that these small
balls must carry strictly smaller energy in the sense of the last item in Definition [3.1 which will
contradict the minimality of K.
To make the above argument precise, it will be helpful to organize the bubbles that will arise
when the localized distance d vanishes. To that end, we first distinguish the bubbles based on
the size of their H'-interaction. In particular, if this interaction vanishes, then we say that the
bubbles are asymptotically orthogonal.

Definition 3.6 (Asymptotic Orthogonality of Scales). We say that two triples (W}, ajn, Ajn)
and (Wjr, aj n, N\jr ) are asymptotically orthogonal if

2
lim (/\j,n 4 Aj'n n |@j;m — a5 ) - (3.5)
n—roo )\j’,n Aj,n )\j,n)\j’,n ’

where W, W, are non-zero stationary solutions of , Ajn, Ajr gy € R? are sequences of points,
and Ajn, Ajrn € (0,00) are sequences of scales. We will use the short hand (Wj, ajn, A\jn) L
(Wir, a0 ny Ajr ) if the two triples are asymptotically orthogonal. See Proposition B.2 in [FG20]
to understand the connection between and the integral interaction between the bubbles
W; and Wj, in the case when W;, W, > 0.

Using the above notion of asymptotic orthogonality, we can organize a family of bubbles into a
tree-like structure.

Definition 3.7 (Bubble Tree). Given two collections of stationary solutions h; = {W,,}°2; and
ha = {Wp}22,, then by < by iff

i%n; — o0 and 3C > 0 such that B(a(Wn), A(Wa)) C B(a(W,), CA(W,,)) for all n > 1.

Then we say that h; is the parent and bhs is its child. We will also allow for equality in the above
relation by using the notation h; < ho. Given M € N, consider the collection {hi,...,bHar}
where b; = {W},;}72, and Wy, ; are stationary solutions. We define a root element h; as an
element that is not a child of any parent h; for ' € {1,..., M}. We define the collection of all
root-indices as

R:={je{l,...,M}|b;is aroot }.

Finally, to each root h; we can define the bubble tree as the following collection 7 (j) := {h; |
hj =< b;} and D(j) as the set of all maximal elements (with respect to the partial order <) of
the pruned tree 7(j) \ {b;}.
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Proof of Lemma 3.4 Assume that Lemma [3.4] does not hold. Then there exists a sequence of
intervals sy, t,] C [0y, Tn] such that

lim & (u(sn); B(yn, pn)) =0,  Hm 8(u(tn); B(yn, pn)) >0, (3.6)
n—oo n—oo
a sequence of integers M,, > 0, sequences of M,-bubble configurations W(W ), where W
Win, ..., Whar, n) and sequences of vectors v, = (Vn,Vip,---sVM,m) € (0, co)Mntl &
(€ns&imy - €, n) € (0,00)Mn+L such that

lim d(u(sn), W(Wa); B(Yn, pu); s €a) = 0, (3.7)

and the largest scale Amax,n = max;—1,.. a, A(Wj ) satisfies (¢, — sp)V/? < Amax,n-
We can assume that M,, = M is a fixed integer, by possibly passing to a subsequence. Consider
the collection {h1,...,ha} where h; = {W;,,}o2, for j € {1,..., M}. Then construct a bubble

tree as in Definition By definition, for any j,j’ € R we can find a sequence R,, — oo such
that up to a subsequence we have
B(a(Wjn), AR, AW;n)) N B(a(Wjr ), AR, A(Wjr ) = 0

for any sequence R, < R,, where recall that a(Wjn), A\(Wj,) denotes the center and the scale
of the stationary solution Wj,. Then the decay estimate implies that for any j € R and any
sequence R, — oo we have

lim E(Wjn; R\ Ba(Wjn); 4™ RaA(Wja))) = 0,
which in turn combined with (3.7) yields
nli_{goE(u(sn); B(yn, pn) \ UjerB(a(Wjn), 4_1Rn/\(Wj,n))) =0. (3.8)

Next, applying Theorem to the sequence of stationary solutions Wj, and passing to a
joint subsequence we ﬁnd a sequence M; > 0 of non-negative integers, a sequence R, < R,

with 1 < R, < &) maxn, stationary solutions Wj; o, non-zero stationary solutions W; y, scales
Njpn < A(Wj,) and points pjr, € B(a(Wjn), CA(W;y)) for each j and k € {1,...,M;},

satisfying (2.21), (2.22)), and

M;
Jim BE(Wjn = Wiola(Win), Ajnl = D Wiklpika Ajknl)s B@(Wjn), AR A(Win))
k=1

(3.9)

k.n j k'n ‘pj,k,n - Aj k,n
+ A + ) + . =0.
k;ézk’ AJ k' n AJ k.n Aj,k,nAj,k’,n ; dlst(pj7k7n, 8B(Q(Wj,n), C/\(ij))

Here C' > 0 is some finite constant, and R, is a sequence, to be fixed below, such that 1 < R, <
R,. To differentiate the weak limits W; o (which could be trivial) from the stationary solutions
Wik, we will call W; g body maps following the convention used in the harmonic map heat flow
literature. Define the set of indices

AITI X,n
Tmax = {je{l,...,M}\Cj‘lg PN < ¢y, for each n for some C >1}

AWijn)
and let Ky > 0 be a real number such that
Ko= Y_ EW;p). (3.10)
jEKZHaX

Then 0 < Ky < K since we only collect the weak limits of each bubble W ,,. Therefore it suffices
to consider only two cases: Ky < K and Ko = K.
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Case 1: First, suppose that Ko = K. Then Jmax = R = {1,..., M} and M; = 0. The idea is
that if one of the above conditions does not hold, then there exists a bubble which will cost at
least F, amount of energy. More concretely, using (|3.8))

KB = > EWjo) <> E(Wjo)

M M M;

< E(WLO) + Z E(ij)
=1 j=1 k=1

= lim E(u(sn); B(yn, pn)) = KE,
n—oo

From the above expression it is clear that if jo € R\ Jmax then E(Wj,0) > E. which con-
tradicts limy, o0 E(u(8n); B(Yn, pn)) = KE.. Therefore Jpnax = R. By the same argument
R={1,...,M} and M; =0 for each j € {1,..., M}. Therefore, for each j € {1,...,M}

Jlim E(Wjn = Wiola(Win), AW;n)l; Ba(Wjn), BaA(Win))) = 0.

Fix a sequence R,, < R,, such that for eachj € {1,..., M} we have 4Ry Aax,n < minje 1 vy Vin-
Then since A(Wj ) &~ Amax,n for each j € {1,..., M} we can use (3.7 to get that

nlggo E(U(Sn) - Wj,O[a(Wj,N)v )‘(ijyn)]; B(Q(Wj,n)a 4Rn}‘maxm))) =0.

Now we can use Lemma with (¢, — sn)l/ ?k Amax,n tO propagate these estimates to time
t, for each j € {1,..., M} to get

nh—>H<;lo E(U(tn) — Wj’o[a(Wj,n), )\(Wj,n)]; B(a(Wj,n)a 4Rn>\max,n))) =0. (311)
The same reasoning applied to (3.8)) yields
i E(u(tn) = Wiola(Wjn), \Wjn)l: B(yn, pn) \ UjZy B(a(Wjn); RnAmax.n))) = 0-(3.12)

Using (3.11)), (3.12)), pairwise disjointness of distinct balls B(a(Wj,,), RaA(W; ), asymptotic
orthogonality of the triples (W, o, a(W; ), A(W;,)), and Remark we get that

Tim 8 (u(tn); B(yn, pn)) = 0,

which contradicts the second equation in .
Case 2: Next, consider the case Ky < K. We show that this case leads to a contradiction with
the minimality of K. Again we will need R,, — oo such that 4R, Amax,n < min{v;,}jcs,.. and
R, < R,. We split the argument into several steps.
Step 1. We first show the existence of an integer L > 1, sequences {a:g’n}le with xp, €
B(yn, &) for each n € N and each ¢ € {1,...,L}, and a sequence 7, satisfying the following
properties

L4 (tn - Sn)1/2 < Tn < Amax,n;

e the balls B(xy,,r,) are pairwise disjoint for £ € {1,..., L} with

Top — Ty
fim [P =200l _ (3.13)
n—o00 Tn
for £ £ 1;
e on the union of all such balls, we approximately capture the missing energy, i.e.
~ limy 00 E(u(syn); UnglB(x&n, Tn))
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where K1 = K — K and there is vanishing energy in the neck region, i.e., there exist
sequences o, — 0, 8, — oo such that

L
Tim Y E(ulsn); B(xen, Barn) \ B(zen, anrn))) = 0; (3.15)
/=1

e and a sequence én such that

En K fun < Pn, B(l'ﬂ,nvﬁnrn) C B(ymgn) (316)

Step 1.1. We first construct the sequence of points P := {{xgyn}le} for some integer L > 1.
The idea will be to do this inductively. Define our initial set Py to consist of all points such that
[ ] G(Wj,n) Wlth] € R \ jmax,
e a(W;,) with bh; € D(jo) for some jo € Jmax,n, Where note that D(jo) is the collection of
maximal elements in the pruned tree 7 (jo) \ bj,, and

i i ; —Pig.k,
e sequences pj, k.n associated to stationary solutions Wjo,k( .

that are
— asymptotically orthogonal to every bubble in the collection h; € D(jjo),
— and not children of any bh; € D(jo).

P ) for some jy € Jmax

Enumerate the set of all such points Py = {{y,}5,} for some integer L' > 1. Observe that
after possibly passing to a subsequence we have

(tn _ Sn)1/2
m ———
n—oo dlSt(ygvn, yé/,n)
for any ¢ # ¢ € {1,...,L'}. We add yj, » to our final collection P if
n—oo dist(Yey.n, Yen)

€ [0, o]

=0, Ve{l,...,L)}\ 4.
Otherwise, denote

. (tn - Sn)l/Q
D(by) = {¢ : lim —————— .
o) = {o} U{ 200 dist (Ygy,n- Yen) g 0}
Note that D(¢1) = D({2) iff ¢o € D(¢1). Define the barycenter
Yin
Ty 1= .
’ 2 1B(£o)]

LeB(¥o)

We will include z,, € P. This finishes the construction of the set P = {{zy,},} for some
integer L > 1 such that {z(,} C B(yn,&,) for any 1 < ¢ < L.
Step 1.2. We choose the scale 1, such that

(tn — Sn)1/2 <L g <K Amax,ny maX{Rn)\(Wjﬂ), ij} < Tn, V,] ¢ jmax
max(Aj gn,&n) K rny V(5,k) € Tmax X {1,..., M;}

and such that the balls B(xy,,, ) satisfy (3.13). Note that B(z(,,ry,) is asymptotically disjoint
from B(a(Wjsn); Rndmax,n) for any jo € Jmax since Agl, la(Wipn) — a(Wjn)| — oo for all
J € R\ Jmax and jo € Jmax and we choose the points x,,, coming from the centers a(W},) for
J € R\ Jmax. This concludes the construction of the centers {zy,} and scales 7.

Step 1.3. It remains to verify (3.14)), (3.15)), and (3.16|). The construction of the sequence &
such that (3.16|) holds follows from the construction of the scales r,,. For the other two estimates,
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observe that for any jo € Jmax, by definition {xf,n}gL:p the limit in (3.9)), and the choice of r,
we have

lim E(u(sn) - Wjo,O[a(Wjo,n)v )\(ijo,n)]? B(a(Wjo,n)ARn)‘maX,n) \ U%:lB(‘W,narn)) = 0'(3.17)

n—00

Since 7, <K Amax,n, the stationary solution

Tim BWj,0la(Wio ), MW )J: Uy Bz ra) = 0. (318)
Equations (3.18)), (3.17)), (3.10), and (3.8]) imply that
nh_{lgoE(u(sn)a B(Yn, pn) \ Uélle(:Uﬁ,narn)) = Z E(Wj,o) = KoE,. (3.19)
JETmax

Then
lim E(u(sn); U B(xom,m)) = lim E(u(sn); By, pn)) — Y EWjo)

n—r00 n—r00 )
]ejmax

— (K — Ko)E.,
which verifies (3.14]). The condition follows from the construction of the set P and the
choice of r,.
Step 2. The key point of constructing the collection of balls B(x¢,,r,) for 1 < ¢ < L, is that
for large enough n, the function wu(t,) deviates from a multi-bubble configuration on at least one
of these balls. In other words, we will now show that there exists 1 < ¢; < L and 7n; > 0 such
that (after possibly passing to a subsequence)

6(u(tn); B(xfl,m rn)) > M. (3.20)
If not then for all £ € {1,..., L} we have
nlgrolo 6(u(tn); B(zep,mn)) = 0. (3.21)

We will argue that this implies that
lim 6(u(tn); B(yn, pn)) =0,

n—o0

which contradicts (3.6). First, since (¢, — sn)l/ 2 <« 1, we can use Lemma m to propa-

gate (3.15), (3.14), (3.19), and (3.17)) up to time ¢, to get
lim E(u(ty); U B(xem, 1)) = K1Ex,

n—oo

lim E’(u(tn); B(yn, pn) \ UleB(m&n, Tn)) = KoE,, and

n—oo

HIEEO E(U(tn) - Wjo,O[a(Wjo,n)a )‘(ijn)]? B(Q(Wjo,n)v Rn}‘maX,n) \ UeLle(xf,nvrn)) =0, (3.22)

where K1 = K — Ko, jo € Jmax. Using again Lemma (3.8), the construction of the
sequences {x,} and r, we have

lim E(“(tn)> B(Yn; pn) \ (UjEJmaxB(a(VVj,n)u RpAmax,n) U UszlB(xf,m n))) = 0. (3.23)

n—o0

From (3.21)), after passing to a joint subsequence in n, for each ¢ € {1,...,L} we can find an
integer M, > 0, a sequence of M;-bubble configurations W(W, ), and sequences of vectors

772,71 = (VZJM Veimy---» Vﬁ,Mg,n) and gf,n = (gf,nu fé,l,m o 75@7]’\\4}77})’ so that

lim d(u(tn), W(Wen); B(Tgn, n); Toms Ebn) = 0. (3.24)

n—o0
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Here note that W(Wg’n) = Zj\i"l W, jn for some collection of stationary solutions Wy ; ,. Con-
sider collection of maps

~ M,
Wo = (We )25y OVi0la(Win), AWj)]) j Fina)-

Let W(W,,) denote the sum of all the maps in the above collection. For each j € Jnax set
Vin = Ry, {n =rp and

)

Dn = (Vﬂ? (Veyn)£=17 (Vjvn)je\Znax)? fn = (gn? (gz,n)g/:l’ (€j7n)j6n7max)'

Then we claim that

lim d(u(t,), W(W,); B(yn,pn);ﬁn,'gn) =0. (3.25)

n—oo

This follows from (3.24)), asymptotic orthogonality of distinct triples (W, a(Wrkn), A(Wekn))
and (Wg/7k/7n,CL(Wng/,n),)\(Wg/,k/,n)) for (¢, k) # (f’,k/) since B(ﬂjg’n,Tn) are mutually disjoint,
asymptotic orthogonality of triples

(Wekns a(We k) AMWekn))  and  (Wigola(Wign)s AWijon)]s a(Wjgn)s AWign))
for any 1 < ¢ < L and jo € Jmax since 7, < Amax,n and
’V}i—)HOlOE(Wj(LO[a(WjO:n)’ )‘(Wjo,n)]; B(:Ef,na Tn)) =0, vj(] € jmax, Ve e {1a SRR L}7

lim E(We e Byn, p) \ B@a,ma) =0, VEE{L,...,L} ke {L,... LMy}

These observations, together with (3.22]), (3.23)), and Remark applied with scale &,, yields (3.25).

This establishes (3.20)).
Step 3. As a consequence of (3.20]), we will show that there exists 7,, < t, such that

tn =G <2 and T rall T(a(Za))llz2 = 0. (3.26)

This follows from the same contradiction argument as in the Proof of Lemma Applying
Theorem and possibly passing to a subsequence, we have a bubble tree decomposition as

in (2.20) for some sequence R,, — oco. The estimate (3.15)) can be propagated to time &, using
(2.7) and the argument in Lemma to get

lim B (u(n); B(@en, Burn/2) \ B(xem, 20m7n)) = 0.

n—oo

Therefore, all the stationary solutions at scale r, in Theorem [2.15]| vanish, which implies that

Jim (u(an); B(zen,70)) = 0. (3.27)
By (2.23]) we can find a real number K’ > 0 such that,
K'E, = lim E(u(c,); B(xe, n,n))- (3.28)
n—oo

The estimate implies that K’ > 1 since t,, — 0, < 7’%.

Step 4. We will now show that K’ < K and that [o,,t,] € Cx/(Z¢ n,TnsE1,n, M) for some
sequence €1, — 0, which will contradict the minimality of K.

Step 4.1. We first show that K’ < K. When Ky > 0, i.e. Ky > 1, then K’ < K since at least
one bubble lives on the scale comparable to the maximum scale Ayax,n, Which is asymptotically
larger than 7, which contributes to an energy of at least E,. On the other hand, suppose
Ky = 0. Then K # Ky since K > 1. If K/ = K, then this implies that a part of the energy
in B(yn, pn) is successfully captured by the balls B(xy, »,rn). However, since there is at least
one index jo attaining the maximum scale, i.e., A(Wjyn) = Amax,n, and 7 < Amax,n = A(Wjg.n)s
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by Definition we see that at least F,/2 energy must live outside the scale B(z, pn, 7).
Therefore,

K +o0n(1) > E(u(@n); B(yn, pn)) = E(u(@n); B(yn, o) \ B(@t,0,7mn)) + E(u(@n); B(2e, 0, 7m))

> <; + K’) By — op(1).

Therefore, K > K’ + %, contradicting K’ = K. Thus K’ < K.
Step 4.2. Next, we check the properties of Definition Item (1) follows from (3.27)), item
(2) follows from ([3.20)), item (3) follows from (3.26) and item (4) follows from (3.28). Thus,

[5717 tn] S CK’ (xﬁl,nv T,y 8177’L7 7]1)
which is a contradiction to the minimality of K, and therefore the proof is complete. O
By a standard continuity argument, we get the following Corollary of the above Lemma.

Corollary 3.8. Let g > 0 be as in Lemma n € (0,m0], and [on, ] € Cx(Yn, Pr,En,1N).
Then, there exist € € (0,m), co > 0, ng € N, and s, € (o, T,) such that for all n > ng, the
following conclusions hold. First,

6(“(*9”); B(ym pn)) =E.

Moreover, for each n > ng let M, € N, and W(Wn), where W,, = (Wi,...Way,) be any
sequence of My-bubble configurations, and let Uy, = (Un, Vi -, VMn),&n = (&ns&1ns -+, En) €
(0, 00)M+1 be any admissible sequences in the sense of Deﬁnition such that

e< d(u(sn)) W(Wn)a B(yn’ Pn), ﬁny gn) <2

for each n. Define

Amax,n = Amax(sn) = jzlll}aﬁ\/[n )‘(Wjﬂ)

Then, 8, + codmax(5n)? < Tn and,
S(u(t); B(Yn, pn)) > &, Yt € [Sn,5n + colmax(sn)]-
Proof. From Lemma [3.4] fix ,79 > 0. Then we can define s,, by the first exit time
Sp = 1nf{t € [on, ] | 6(u(7T); B(Yn, pn)) = €, for all 7 € [t,7,]}.

This is well-defined for all sufficiently large n. Then by continuity, 6(u(sn); B(yn,pn)) = €.
Setting Amax(sn) and using Lemma we see that for n large enough we have

Sp + CO)\maX(sn)2 < Tn,

which completes the proof. O

4. CONCLUSION
In this section, we will prove Theorem [1.§]and use it to establish Theorem [I.6|and Corollary

Proof of Theorem [1.8, The proof proceeds by a contradiction argument that we break into sev-
eral steps.

Step 1. Setting up the contradiction hypothesis. If Theorem fails then there exists a
non-number K > 1, and parameters

Yn € Rdu Pn > 0, 0<o, <™ < T—‘r) [Uann] € CK(yn,PmEnﬂl)v
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with ¢, = 0, op, 7, — T4 such that
| T —on| < 5nf’72m 5(U(Un)§ B(yn,pn)) < én, 5(U(Tn)§ B(yn,pn)) >,

and E(u(on); B(yn, pn)) = KE,.
Step 2. Picking the first exit time inside each collision interval. By Corollary there exist
e € (0,7m), ¢o > 0, and times

Sn € (On, Tn), é(u(sn);B(yn,pn)) =,

such that for s,, + co\? < 7, and for all ¢ € [s,, s, + co\2 | we have

max,n max,n

5(u(t);B(yn7pn)) > (4.1)

where Amaxn = Amax(Sn)-
Step 3. A quantitative lower bound on the [|d;u(t)[|7.. We claim that there exists a constant
c1 > 0 such that for n large enough we have,

maxn Hatu( )H%2 >, Vte [Snv Sn + CO)‘?nax,n]' (42)

We will prove this by contradiction.
Step 3.1. Setting up the contradiction hypothesis. If (4.2)) does not hold then there exists a
sequence of times t, € [sn, $p + C0ARax ) Such that

Amax,n ||atu(tn)||L2 —0

as n — 00. Using Theorem we deduce that (up to a subsequence) there exists Ry, (x,) — 0o
such that for any sequence 1 < R,, < R, (z,) we have

Tim 8 (u(tn); B(%ns RuAmaxn)) = 0. (4.3)

We will construct a set of points x/, for 1 < ¢ < L for some integer L > 1 and use (4.3) to
conclude that

Jim & (u(tn); B(yn, pn)) = 0. (4.4)

which will contradict the lower bound &(u(t,); B(Yn, pn)) > €
Step 3.2. Construction of the sequence {xgn}£ 1- We claim that there exist an integer L > 1,

points {z;,} for 1 <{ < L, R> 2 and a sequence 1 < R, < Amax.nén such that

_ E,
E(U(Sn); B(yn> pn) \ UZ:lB($€,n7 R)\max,n)) S T, (45)
B(2¢p, Rudmaxn) N Bz p, Rodmaxn) = 0,V0 # 0 € {1,... L}, (4.6)

where K is defined in Step 1, &, comes from the multi bubble configuration obtained at ¢t = s,,
i.e., we consider multi-bubble configurations W (W,,) = S-¥ j=1 Wjn comprising of some fixed M
number of bubbles, after possibly passing to a subsequence because our solution has finite energy
with parameters 7, and 5_;1 such that

e < d(u(sn), W(Wy); B(yn, pn); P, &) < 2e. (4.7)

We define &, v, as the first components of the vectors En, U, respectively. Arguing as in Re-
mark we deduce that (3.2) and (B.3) hold. We will construct the sequence {z,,}L_, for
some integer L € N as follows. First up, to a subsequence we have that

la(Wjn) — a(Wn)|

Amam,n

Lj, == lim €[0,00], Vj#ke{l,...,M}.

n—o0
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Given an index j € {1,..., M}, we collect all other indices for which L, is finite, i.e.,

L) = {j} U {k: e{l,...,M}: Ly < oo}.
Observe that for j # k either £(j) = L(k) or L(j) N L(k) = 0. Define the barycenter

a(Wi,n)
= 2 TEG)
i€L(j)

Then our desired sequence of points {zy,,}% , is simply a collection of points {x £(j)m} for each
distinct index set £(j) with L < M.

Step 3.3 Verification of (£.5) and (4.6). Using Lemma [2.2] (4.7), and the definitions of d and
Amax,n there exists 21 > 1 such that for n > 1 we have

N E
B (u(sa)s Blyns p) \ | Bla(win): Bidmaxn)) <
j=1

where K is defined in Step 1. Then, the definition of the points zy,, yields a sequence 1 < R, <

Ambxnn such that (&6) holds.
Step 4. Vanishing of the distance in (4.4]). Using the collection {W,n}eL:1 as the centers in (4.3))

consider sequences Iy, such that for any Fin < Ry, we have
lim 8(u(tn); B(xen, Rodmaxn)) =0, £€{1,...,L}. (4.8)
n— o0
This in particular implies that there exists a number Ky > 0 such that
lim E(u(tn); B(zemn, Rndmaxn)) = KeE
n— oo

for each ¢ € {1,...,L}. Now consider an such that &, < gn & pp. Then, for each ¢ € {1,..., L}
we have
Amax,n

lim ~— =0, 9
n=o0 dist(xy,p, 0B(Yn, &n)) )

as Trn € B(yn,&n) and Amax,n < &n. Therefore, there exists a sequence R,, < min{ﬁn, {Rgvn}é’:l}
such that B(z¢y, RnAmaxn) C B(Yn, &) for each ¢ € {1,...,L}. Thus

_ E,
E(U(Sn); B(yna pn) \ U%:IB(:E&TM Rn)\max,n/2)) < Z

Propagating the above estimate using Lemma [2.12] we get

lim E(U(tn); B(yna pn) \ U%:lB(xé,nv Rn)\max,n)) < (410)

n—o0

Using (4.3) for points in Q,, 1, :== B(yn, pn) \ Ué':lB($g7n, RpAmax,n) we deduce that u(t,) cannot
be close to a single bubble due to (4.10) and therefore

lim E(u(tn); Qn.r) = 0.

n—o0

We also know that (4.8) and the definition of the sequence R,, implies

|

L
lim > " 8(u(tn); B(@em, Rndmaxn)) = 0. (4.11)
/=1
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Moreover, the balls B(:L’gm,Rn)\maX’n) are disjoint by (4.6)) and the choice of R,, < ﬁn Com-
bining (4.11)), (4.9), the disjointness of the balls B(x¢, RyAmaxn), (4-10)), and Remark we

conclude that

lim &(u(tn); B(Yn, pn)) =0,

n—o0

which contradicts (4.1]). Thus (4.2)) holds.
Step 5. Conclusion. By (4.2) we have

Ty 9 5n+CO>\max(5n)2 9
/ 1Opu(t)]|2, dt > Z/ [Opu(t) |72 dt
0 n Sn

5n+CO>\max(5n)2 o
> Z/ Amax(8n) 2 dt > cpcq Z 1 = oo,
n vSn n

which contradicts (1.3]). Thus, we have proved Theorem O

Proof of Theorem [1.6. We treat the finite-time blow—up case Ty < co; the global case is analo-
gous. Throughout we write p(t) := T} —t.

Step 1. Reduction to small balls near the bubbling points. Theorem furnishes the existence
of the set {z1,...,zr} C R? and a weak limit u, € H'. Choosing 0 < py < 1 so that the balls

B(xy,2pg) are disjoint, we get from Lemmas and that

lim E(u(t) — us; RN\UL B(zg,p0)) =0 and  lim E(u(t) — us; B(:Ug,po)\B(xg,p(t))> =0

t—>T+ t—>T+

for 1 < ¢ < L. Since u, € H', we have E(u*;B(xg,p(t))) — 0 as t — T.. Hence it suffices to
study w(t) inside the shrinking balls B(zy, p(t)).
Step 2. Bubbling at one blowup point. Fix one bubbling point and denote it by y := x,.

Theorem [I.§] gives
lim 6 (u(t); B(y, p(t))) = 0.

t—Ty

Let t,, — 11 be an arbitrary sequence of times. Then there exist

e an integer M,, > 1, which is also finite since u(t) is a finite energy solution;

e W(W,) = Z]J‘/i"l W;n, where W, are stationary solutions;

e and scales 7y, = (Vo.n, Vins - -+ VM) a0 En = (§0,n0 &1y - - -5 EM ),
such that

d(u(ty), W(W,),; By, p(tn)),Vn,&n) — 0 as n — oo.

Upon passing to a subsequence, we may assume that M,, = M for all n.
Step 2.1 Initial bubble tree construction. For every j € {1,..., M} the map W}, is a stationary
solution and therefore applying Theorem |2.15( we get for each fixed j

e an integer M; > 0;

o a weak limit 1, o;

e non-zero stationary solutions 9,1, ..., 9, n, with center p; ., € B(a(W;n), \(W;,)) and

scales Aj i n < AWjip),

such that

M.
_ c—al(W. J = Dikn
lim E(Wj,n 0 (=aWi)y 30k, Bj,n) —0,

n—oo
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where Bj,, := B(a(W; ), RyA(W; ) for some R,, — oo, where the scales and centers satisfy

2, _
lim Z (Aj7k7n + Aj,k’,n + |pj,k,n — pj7k/’n| > 1 0
oo X M Gwn - Nk Aj g

For convenience denote Aj o := A(Wjn),pj0n := a(Wjy) so that in every bubble family indexed
by (J, k) the index k = 0 corresponds to the original scale A\(W;,) and centre a(W ).
Step 3. Refined bubble tree construction. By the construction in the previous step, we have
found a family

{1, Pj ey Aj,k,n)}ﬁ-;fﬁ;li?)Mj
which looks promising, but unfortunately, might not be asymptotically orthogonal. However,
we can follow the same argument as in the proof of Theorem 1 in [JLS25] to construct an
asymptotic orthogonal family (Wj,a;jn, ;). The idea is to analyze the bubble tree as in the
proof of Lemma 3.4l Denote R to be set of root indices obtained after partially ordering the
tree h; = {W;,}22, and for each bh;, € R consider the bubble tree T (jo) := {h; =< bj,}. For
some large constant C’ > 0, B(a(W; ), \(W;,)) C B(a(Wj,n), C'’A\(Wj,n)) and therefore the
domain B(a(Wj, ), C'A\(Wj,)) contains all the stationary solutions

M.
U {(ﬁjzkhpjvkvn’A]»k)n)}k‘:]()
b; €7 (Jo)
We will refine this collection to obtain an asymptotic orthogonal family. To this end, define

,C(], ]C) = {(], k)} U {(j/, k/) : (Wj’,k’vpj’,k’,nv Aj/,k;,ﬂ’b) 1 (Wj,kvpj,k,n) A],k,n)}
For each reference index jy € R we examine every cluster K(j, k) attached to the preliminary
list of triples (19j7k,pj,k,n,Aj,k7n).
e Case 1: ’IC(j, k:)! = 1: we keep the lone triple (ﬁj,k,Pj,k,mAj,k;,n)-
e Case 2: |K(j, k)| > 1: discard all triples with first index in K(j, k) and or replace them by
a single triple (@j,k, Dj ks Aj7k7n), where O ;. is a stationary solution. The construction of
this new bubble ©; . , uses Theorem and Theorem and therefore the argument
from the proof of Theorem 1 in [JLS25| carries over to this setting as well.

Repeating this procedure for every root index jo € R leaves a final family of triples that are
pairwise asymptotically orthogonal and fulfill the conclusions of Theorem [I.6] O

Proof of Corollary[I.7 Since ug > 0, by the maximum principle u(¢t) > 0 for all ¢t € [0,T%).
By [CGS89| all the nontrivial non-negative bubbles are classified and are up to scaling and
translation of the form
(d-2)
|z ?

Wi = (14 05 ) (1.12)

Modifying the definition of the localized distance by only considering nonnegative bubbles,
one can repeat the argument in Section [3] proof of Theorem and Theorem to deduce
the and with the solitons being independent of the sequence of times. The key
point in these lemmas is the application of the Elliptic Compactness Theorem which
produces nontrivial nonnegative bubbles given a sequence of finite energy nonnegative functions.
This can be seen, for instance, by repeating the argument in the proof Theorem [2.15 under
the additional assumption that the sequence {uj} is non-negative for all k& € N. Then the
bubbles extracted by the blowup argument in Step 1.1 will be nontrivial nonnegative solutions
to . As a consequence, the bubbles obtained in the decompositions or are re-
scalings of the function define in . Thus, with the above modifications, we can prove the
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Soliton Resolution Conjecture for the energy-critical nonlinear heat flow with nonnegative initial

data.
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